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Abstract

The nonequilibrium dynamics of many-body quantum systems has attracted
increasing attention due to the emergence of dynamical phenomena with no equi-
librium counterpart, such as dynamical quantum phase transitions (DQPTs). In this
thesis, we investigate the interplay between entropy production, symmetry, and dy-
namical criticality in isolated quantum systems driven far from equilibrium. We use
the Lipkin–Meshkov–Glick (LMG) model as a paradigmatic platform, as it allows
for an analysis of finite-size effects and symmetry sectors. Sudden quenches of the
system parameters are considered, and dynamic criticality is identified through the
Loschmidt echo and its associated rate function, as well as through a dynamical or-
der parameter. Entropy production is quantified via a geometric approach based on
the Bures angle, providing a lower bound to the irreversible entropy generated dur-
ing the unitary dynamics, while asymmetry is characterized using measures asso-
ciated with collective spin operators, enabling a dynamical analysis of this quantity
during symmetry restoration induced by DQPTs. We show that the time-averaged
entropy production displays clear signatures in the vicinity of the dynamical critical
point, reflecting enhanced irreversibility induced by the nonequilibrium dynamics.
In addition, we demonstrate that quantum asymmetry provides a robust indicator of
DQPT, capturing the dynamical restoration of the underlying Z2 symmetry during
the evolution. Finally, we show that the location of these signatures depend on the
anisotropy parameter, highlighting its central role in dynamical critical behavior of
the system.

Keywords: Dynamical Criticality; Entropy Production; Asymmetry.
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1

Chapter 1

Introduction

The study of quantum systems driven far from equilibriumhas revealed a variety
of dynamical phenomena that are outside the scope of equilibrium statistical me-
chanics [1, 2]. In contrast to equilibrium phase transitions, which are characterised
by non-analyticities in thermodynamic potentials, nonequilibrium dynamics does
not admit a universal classification scheme. As a consequence, the identification of
qualitatively distinct dynamical regimes remains an open and active problem.

In this context, sudden quenches in isolated quantum systems have emerged as
a setting to investigate how complex dynamical regimes arise from unitary time
evolution. Depending on the quench protocol and on the parameters of the system,
the resulting dynamics may exhibit qualitatively distinct behaviours, suggesting the
existence of different dynamical regimes separated by critical conditions.

Within this framework, dynamical quantum phase transitions (DQPTs) have
emerged as an important framework to identify and analyse qualitative changes in
nonequilibrium quantum dynamics. Unlike equilibrium phase transitions, DQPT
are not defined through singularities in free energies, but instead through non-
analytic features in time-dependent quantities, such as the Loschmidt echo and its
associated rate function [1–3], also called type-II DQPT, or through abrupt changes
in long-time dynamical properties characterised by dynamical order parameters [4–
7], known as type-I DQPT. Since their introduction, DQPTs have been extensively
studied both theoretically and experimentally [8–10], revealing connections be-
tween dynamical criticality, coherence, and symmetry in quantum systems.

An important question is to determine which physical quantities are capable of
capturing these dynamical distinctions in a meaningful and robust way. In particu-
lar, it is natural to ask how changes in the dynamical regime are reflected in the way
a quantum system explores its state space during time evolution, and whether such
changes can be identified through quantities that probe global features of the evolv-
ing quantum state. This question constitutes the main motivation for the present
work.
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In our work, we investigate DQPT from two complementary perspectives. The
first is based on nonequilibrium thermodynamics and focusses on entropy produc-
tion as ameasure of irreversibility. The second is based on symmetry considerations
and explores the role of asymmetry as a quantitative indicator of how coherence
and symmetry evolve dynamically. Although these two approaches originate from
different conceptual frameworks, they both probe how the system spreads and re-
organises in the space of quantum states under nonequilibrium dynamics.

Entropy production is a central concept in thermodynamics, whose positivity
guarantees the irreversibility of physical processes, as established by the second
law [11]. Originally formulated within classical thermodynamics, the notion of en-
tropy production has been consistently extended to the quantum domain through
tools from quantum information theory, allowing irreversible behaviour to be quan-
tified even in isolated or strongly nonequilibrium quantum systems [12–14]. In
this sense, entropy production provides a powerful framework for characterising
nonequilibrium processes and their degree of irreversibility.

A particularly fruitful development in this direction has been the formulation of
the entropy production in geometric terms. In [15], geometric concepts were intro-
duced into thermodynamics by associating ametric structure with the space of ther-
modynamic states, enabling entropy variations to be related to distances between
probability distributions. In the quantum regime, this geometric perspective natu-
rally leads to the use of statistical distances between quantum states. TheWootters’
length provides a geometric measure of the distance between pure states [16]. How-
ever, for mixed states, the Bures distance naturally arises as a generalization [17].

Based on these ideas, in [18, 19], it was shown that the Bures angle establishes
a direct connection between the geometric separation of quantum states and en-
tropy production, leading to lower bounds on irreversibility for arbitrarily far-from-
equilibrium quantum evolutions. Within this framework, entropy production can
be interpreted as a measure of how rapidly and how strongly the system departs
from its corresponding equilibrium reference state in the space of quantum states.

This geometric formulation is particularly relevant in the context of DQPTs,
since these transitions are intrinsically related to nonequilibrium dynamics. Since
DQPTs are characterised by qualitative changes in system dynamics, entropy pro-
duction provides a natural quantity to probe how dynamical criticality affects ir-
reversibility and the exploration of the space of system’s states during time evolu-
tion [1, 2].

Complementary to the thermodynamic perspective provided by entropy pro-
duction, symmetry considerations play a fundamental role in the understanding
of both equilibrium and nonequilibrium quantum phenomena. Symmetries impose
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constraints on the dynamics of physical systems and are deeply connected to con-
servation laws and the structural properties of quantum states. In the quantum
domain, symmetries are associated not only with invariance under transformations
but also with the presence or absence of coherence between the eigenstates of the
symmetry generators, establishing a direct link between the principles of symmetry
and quantum information [20].

Within this framework, asymmetry provides a quantitative way to characterise
how a quantum state departs from invariance under a given symmetry. In the
context of resource theories, asymmetry is associated with coherence relative to
a symmetry group [21, 22], and several measures have been proposed to quantify
this property [23–26]. Such measures capture information beyond the expectation
values of the symmetry generators, making them useful in the analysis of nonequi-
librium quantum dynamics [20].

Recent studies of DQPT have highlighted that symmetry plays a central role in
dynamical critical phenomena. The complementary notions of DQPT, types I [4, 27,
28] and Type-II [29–31], formulations are commonly employed in the literature to
characterise dynamical critical behaviour, providing complementary perspectives
on the same underlying phenomenon.

From this perspective, asymmetry measures offer a promising framework for
probing dynamical criticality from the point of view of the structure of the quantum
state. Since dynamical phase transitions are accompanied by qualitative changes in
the way the system explores its Hilbert space and in the role played by symmetry-
related sectors, asymmetry provides a natural quantity to investigate how coher-
ence and symmetry properties evolve during nonequilibrium dynamics. This mo-
tivates the use of asymmetry as a diagnostic tool for dynamical quantum phase
transitions, complementing thermodynamic indicators such as entropy production.

A paradigmatic system in which the interplay between dynamical criticality and
symmetry can be explored is the Lipkin-Meshkov-Glick (LMG) model [32–34]. This
fully connected spin model exhibits both permutation symmetry and a discrete Z2

symmetry [35, 36], and has long served as a model for studies of quantum phase
transitions. More recently, it has been shown that the LMG model also displays
clear signatures of dynamical quantum phase transitions under sudden quenches [1,
7, 8, 27, 37]. The dynamical restoration of Z2 symmetry plays a central role in this
behaviour, making the model particularly suitable for a symmetry-based analysis.

In this work, we use the LMG model as a platform to investigate how DQPT
manifest themselves through entropy production and asymmetry measures. Al-
though our analysis is carried out for a specific model, the quantities employed are
not model-dependent: entropy production and asymmetry are defined in general
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terms and probe universal features of nonequilibrium quantum dynamics. As such,
the insights obtained here are expected to be relevant beyond the particular system
considered.

This thesis is organised as follows: in Chapter 2, we present a brief discussion
of classical phase transitions and quantum phase transitions (QPT), aiming to es-
tablish the foundation for defining and understanding dynamical quantum phase
transitions, discussed at the end of the chapter. Chapter 3 is devoted to entropy and
entropy production. We introduce these concepts, starting from its classical defini-
tion and extending to the quantum definition via von Neumann entropy. Addition-
ally, in this chapter, we discuss a key result for our work: the entropy production
in an arbitrarily out-of-equilibrium quantum evolution.

In Chapter 4, we dedicate ourselves to the study of asymmetry as a framework
for characterising the symmetry properties of quantum states. We begin by intro-
ducing symmetry transformations and their action on quantum systems, discussing
the distinction between symmetry-invariant and symmetry-breaking states. Within
this framework, asymmetry is interpreted as a manifestation of coherence with re-
spect to a given symmetry group. We then present the asymmetry measure em-
ployed throughout this thesis, discussing its main properties and physical interpre-
tation.

The Chapter 5 is dedicated to the presentation of the Lipkin–Meshkov–Glick
(LMG) model, which serves as the central physical platform for the analysis car-
ried out in this thesis. We introduce the Hamiltonian of the model and discuss its
main features. Particular attention is paid to the symmetry properties of the model,
including the permutation symmetry and the discrete Z2 symmetry, which play a
crucial role in its equilibrium and nonequilibrium behaviour.

Within this framework, we review the occurrence of DQPTs in the LMG model.
These transitions are characterised using two complementary approaches: type-II
DQPTs, identified through non-analyticities in the Loschmidt echo and its associ-
ated rate function following a sudden quench, and type-I DQPTs, characterised by
the behaviour of a dynamical order parameter defined as the long-time average of
the collective magnetization.

In Chapter 6 we present and discuss the main results obtained in this work. This
chapter is divided into two parts, each corresponding to one of the articles published
during the development of this thesis [38, 39].

In Part I, we investigate the behavior of entropy production in the LMG model
that undergoes a DQPT. To this end, we employ a geometric formulation of en-
tropy production based on the Bures angle, which allows us to express a lower
bound for entropy production in terms of a distance in the space of quantum states.
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This approach enables a direct analysis of how dynamical criticality influences irre-
versibility and the rate at which the system departs from its reference equilibrium
state.

Part II is devoted to the analysis of symmetry properties of the quantum state
during the post-quench dynamics. In this part, we apply the asymmetry measures
introduced in Chapter 4 to the LMG model, focussing on the generators associated
with the rotation group. This choice is particularly relevant, as one of these gen-
erators is directly related to the Z2 symmetry that is dynamically restored at the
DQPT.

Finally, Chapter 7 presents our conclusions. We summarise the main results
obtained, discuss their physical implications, and outline possible directions for fu-
ture research to extend the present analysis. The thesis concludes with the list of
references used throughout this work.
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Chapter 2

Dynamical Quantum Phase
Transition

We begin our work with a discussion of phase transitions. The objective of
this chapter is to start from the well-developed and extensively studied concept
of phase transitions in classical systems, described in terms of the thermodynamic
parameters of the system, and arrive at the definition of dynamical quantum phase
transitions, which are formulated by analogy with classical transitions.

To achieve this, we will first provide a brief review of classical phase transitions,
covering their main concepts. Next, we will discuss the idea of quantum phase tran-
sitions, which share similarities with classical transitions but are driven exclusively
by quantum fluctuations. Finally, we will address dynamical quantum phase tran-
sitions, which, in essence, have a different nature from the first two, as they occur
in systems evolving out of equilibrium.

Readers already familiar with the concept of classical and equilibrium quantum
phase transitions may begin reading this work from section 2.3, if they so wish,
without any loss of comprehension regarding the concept of DQPT, which is the
central topic of this chapter.

2.1 Classical Phase Transition

The phenomenon of phase transition can be easily observed in nature. Almost
no one has not noticed that an ice cube is melting when left on a surface exposed to
a temperature above 0 ◦C. Similarly, one can observe the wax of a candle melting
when heated by the flame and then solidifying again as it drips and cools.

We can think of the phase of a substance as the form in which it presents itself.
Water is the most common example in our daily lives, as it can easily appear in three
different forms: solid water (commonly called ice), liquid water, and gaseous water
(water vapour). Moreover, we can transition between these phases by inducing
certain changes in the system.
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In a more pragmatic sense, the phase of a physical system can be characterised
by its properties1. For example, water in its solid state exhibits certain characteris-
tics that classify it as a specific physical state: the ability to resist compression, shear
forces, and the inability to flow can be cited as defining traits of this substance in
its solid form. However, liquid water, although it shares the ability to resist com-
pression2, does not offer significant resistance to shear forces, and has the ability to
flow.

Another important example, which sometimes goes unnoticed in our daily lives,
is the ferromagnetic-to-paramagnetic phase transition. Here, a given material can
transition from a ferromagnetic phase, where the spins of the material are aligned
and point in the same direction, thus ensuring a certain magnetization, to a param-
agnetic phase, where the spins of the material point in various random directions,
leading to the material’s overall magnetization to vanish. This transition can also
occur due to heating, just as in the case of water’s phase transition. The reverse
transition is also possible, and the technique behind it is widely used in magnet
production. Certain paramagnetic materials can be turned into ferromagnetic ma-
terials by subjecting them to intense magnetic fields for a specific period.

Indeed, phases of matter can be characterised by their properties, and thus we
can understand phase transitions as phenomena that drive a physical system from
one state, in which it possesses certain properties associated with the structural or-
dering of the substance at that moment, to another with a different ordering, leading
to a change in the system’s physical properties. The transformation of ice into liq-
uid water can be seen as a structural change in which water molecules, initially
arranged in a crystalline structure with strong intermolecular bonds, transition to
a different molecular organisation with weaker bonds, losing the structure it had in
its solid form. This change can occur due, for example, to the injection of heat into
the system or due to a variation in the pressure to which the substance is subjected.

Both the phase transitions of water and the transition of ferromagnetic materials
are examples of classical phase transitions, which occur at finite temperatures and
are driven by thermodynamic fluctuations. In the following subsections, we will
discuss and classify classical phase transitions. Specifically, we will address the two
main types: First-Order Phase Transitions and Continuous Phase Transitions.

1Namely compressibility, molar heat capacity, and molar potentials
2It does have compressibility, but its compressibility is very low compared to gases and is closer to

that of solids; Many authors classify liquid water as "practically incompressible," and for this reason,
we consider here that this phase resists compression.



2.1. Classical Phase Transition 9

2.1.1 First-Order Classical Phase Transition

To begin the discussion on classical phase transitions, let us introduce the con-
cept of a phase diagram. Figure 2.1 presents the pressure-temperature (PT) phase
diagram of water. In this diagram, the stable phases of water are represented by
the regions separated by solid lines, which indicate the coexistence points between
phases. A specific point on the diagram, such as the point i, represents the substance
at a given pressure and temperature (pi, Ti), corresponding to the phase associated
with that pair (in the example shown in the figure, the liquid phase).

Solid

Liquid

Gas

i

t c

c

t

T T
T

p

p

p

Figure 2.1: Phase diagram of water. Figure based on reference [40].

We can observe in Figure 2.1 that a phase transition can occur when the state
point crosses a coexistence line. For example, if we take a portion of water at pres-
sure pi and temperature Ti and increase its temperature beyond the boiling point,
the point moves from the liquid-phase region to the liquid-gas coexistence line and,
after some time, transitions into the gas-phase region. A transition that occurs by
crossing a coexistence line, like the one described above, is classified as a First-Order
Phase Transition [40, 41].

The phase change discussed here can be analysed through the behaviour of the
extremum of a thermodynamic potential as we cross the critical value of the param-
eter responsible for the transition (in this case, temperature). Taking the Gibbs free
energy as the thermodynamic potential, the stable state of a physical system will
be the one that minimises the Gibbs potential. Therefore, in a situation like the one
illustrated in Figure 2.2, the system has a stable minimum, the global minimum, and
another minimum where the system is not in its stable state, the local minimum,
but which still has a nonzero probability of being visited due to thermodynamic
fluctuations.
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Figure 2.2: Gibbs potential as a function of an extensive parameter Xj of the system.
Figure based on reference [41].

Each minimum is associated with a value of the property Xj , which represents
any extensive parameter of the system, in this case, the volume. Notice that the
volume corresponding to the stable phase of the substance, which it will assume in
its equilibrium state, corresponds to the minimum on the right in the graph. There-
fore, in equilibrium, the substance will have a high molar volume or, equivalently,
a low density.

As we vary the temperature, the shape of the Gibbs potential changes, shifting
both the local and the global minima. Figure 2.3 illustrates the situation in which
the minima invert.

Figure 2.3: Gibbs potentials as functions of an extensive parameter Xj of the system
for different temperatures. Figure based on reference [41].

Temperature variation affects the stability of the physical state. Note that as
we decrease the temperature, moving from T5 to T1, the system transitions from
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a stable state, where the global minimum was on the right (with a larger molar
volume), to a state where stability is reached for a smaller molar volume, with the
global minimum now on the left. Also, observe that at T4, the minima are equal,
which means that at this temperature the system does not have a unique value for
the extensive parameter corresponding to the stable phase. This marks the phase
transition temperature between the states.

For example, inwater condensation, the initial stable state—the gaseous phase—has
a larger molar volume, which corresponds to the minimum on the right for T5 in
Figure 2.3. As the temperature decreases, a slight reduction in the molar volume of
the equilibrium phase occurs, which can be interpreted as a thermal contraction of
the substance.

When the transition temperature T4 is reached, both minima are equivalent,
which means that the substance remains stable at both higher and lower molar vol-
ume values. In this situation, we have a coexistence of phases, which corresponds
to a point on the liquid-gas coexistence line in the diagram shown in Figure 2.1. At
this temperature, the system undergoes a First-Order Phase Transition. For tem-
peratures lower than T4, the system inverts the minimum values, making the most
stable state the one with lower molar volume and higher density, corresponding to
liquid water.

It is evident that the molar volume is discontinuous at the transition, which
is directly associated with the non-analytic points in the thermodynamic potential
under consideration in first-order phase transitions. We can take this as a character-
istic of classical first-order phase transitions: In first-order phase transitions, thermo-
dynamic potentials are non-analytic, causing a discontinuity in their first derivatives
with respect to intensive parameters [41].

Mathematically, theminimumof themolar Gibbs free energy g = g(T, p), which
indicates the stable phase of the substance in terms of temperature, is given by the
lower surface of the envelope shown in Figure 2.4.

Notice that in Figure 2.4, the Gibbs potentials for the three phases are plotted as
functions of temperature. However, the minima of these potentials, which define
the most stable phase, depend on the system’s temperature. In region (I), the mini-
mum corresponds to the potential associated with the solid phase. In region (II), at
higher temperatures, the minimum corresponds to the Gibbs potential of the liquid
phase. If we further increase the temperature, we reach the region (III), where the
minimum corresponds to the potential of the gas phase. Therefore, the effective
Gibbs potential of the substance, shown in Figure 2.5, has two non-analytic points
corresponding to the two phase transitions the system can undergo [41].
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(I) (II) (III)

Gas

Liquid

Solid

Figure 2.4: Representation of the Gibbs potentials of the three phases (solid, liquid, and
gas) as a function of temperature. Figure based on reference [41].

We can analyse the consequences of this non-analyticity by considering the dif-
ferential form of the molar Gibbs potential [42]:

dg = −sdT + vdp, (2.1)

where s is the molar entropy and v is the molar volume:(
∂g

∂T

)
p

= −s ;

(
∂g

∂P

)
T

= v. (2.2)

Since at the transition temperatures, the effective Gibbs potential exhibits non-
analyticities, equations (2.2) show that the molar entropy s and molar volume v
undergo abrupt changes when the system transitions from one state to another,
becoming discontinuous at the transition points. These discontinuities in the first
derivatives of the Gibbs potential (which can be extended to all thermodynamic po-
tentials), caused by the non-analyticities of the potential at phase transition points,
characterise first-order classical phase transitions.

The presence of these discontinuities results in a finite difference between the
entropy and molar volume values of the phases at the transition point [42]:

∆s ≡ s2 − s1 = −
∂(∆g)

∂T
> 0 (2.3)

∆v ≡ v2 − v1 =
∂(∆g)

∂p
> 0 (2.4)
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Figure 2.5: Lower envelope of the Gibbs potentials. Figure based on reference [41].

This characteristic will be further explored when we define theOrder Parameter.

2.1.2 Continuous Classical Phase Transition

Continuing our discussion, we begin to analyse continuous phase transitions
from the perspective of the Gibbs free energy behaviour of the system, as we did in
the previous section.

Figure 2.6 presents a segment of a phase coexistence curve in the PT diagram.
We can observe the change in the minima of the Gibbs free energy, as discussed
in Section 2.1.1, when crossing the curve, leading to discontinuity in the system’s
extensive parameters, characterising a first-order phase transition.

Figure 2.6: Inversion of the global minimum of the Gibbs potential when crossing the
critical line. Figure based on reference [41].
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We might ask what happens to the shape of the Gibbs free energy as we move
towards the end of the critical line in the phase diagram. In other words, what
happens to the competition between the global minima of the Gibbs free energy as
we move from point A to point D in Figure 2.7?

Figure 2.7 shows the behaviour ofG as we move along the coexistence line until
we reach the point D, known as the critical point. The Gibbs potential changes its
behaviour, transitioning from having two competing minima separated by a barrier
(point A), indicating phase coexistence during the transition, to having a single
minimum (point D), represented by the curve at temperature TD [41].

Figure 2.7: (Left) Points along the liquid-gas coexistence line. (Right) Gibbs potential
shape for each point shown in the left graph. Figure based on reference [41].

In terms of the first derivatives of the potential, as we approach the critical point,
the differences given in equations (2.3) and (2.4) decrease, both approaching zero
at the critical point. That is, when the phase transition occurs beyond this point,
we no longer observe discontinuities in the external parameters. For this reason,
transitions occurring in this region of the phase diagram are classified as continuous
phase transitions.

Unlike the abrupt and discontinuous changes observed in first-order transitions,
continuous transitions are characterised by smooth and gradual changes in system
properties as an external condition, such as temperature or pressure, is varied be-
yond the critical transition point.

We can again consider the example of the liquid-gas transition of water. If the
system is at a temperature or pressure higher than the critical values3, a smooth
phase transition occurs, where the coexistence between the liquid and gas phases
is not observed at any specific moment of the transition. The molar volume of the
substance (and its density) does not undergo an abrupt change, making it impossible
to diagnose the transition through these quantities.

3For water: Tc ≈ 650K and pc ≈ 22MPa [40]
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In the PT phase diagram, as shown in Figure 2.1, the continuous transition oc-
curs without crossing the phase coexistence line. Instead, there is a critical region
where the system’s properties change gradually. Near the critical point, interesting
phenomena are observed, such as the divergence of generalized susceptibilities (spe-
cific heats, compressibilities, magnetic susceptibilities, etc.), which are related to
the system’s response to small perturbations in its thermodynamic variables (tem-
perature and pressure, in the case of the Gibbs potential) [41]. These divergences
are directly associated with failures in the stability criteria of the thermodynamic
potential.

To better understand this, we examine Figure 2.8, which shows the behaviour
of the Gibbs free energy as we move beyond the critical region, projected onto the
phase coexistence curve. In addition to the convergence of the minima into a single
one, we can observe the flattening of the potential minimum near the transition
criticality. This flattening corresponds to a failure in the stability criteria [41], which
can be expressed as: (

∂2g

∂T 2

)
p

< 0 ;

(
∂2g

∂p2

)
T

< 0(
∂2g

∂T 2

)
p

(
∂2g

∂p2

)
T

−
(

∂2g

∂T∂p

)2

> 0

(2.5)

These relations reflect the concavity of the Gibbs potential and, consequently,
the stability of the system.

The flattening observed in Figure 2.8 represents a failure of these requirements.
In fact, all three stability criteria fail simultaneously, causingα, κT , and cp, which are
associated with the second derivatives of the thermodynamic potential4 to diverge
simultaneously near the critical point [41]. For this reason, in some literature, this
transition is referred to as a second-order phase transition.

Once again using the water transition as an example, when a phase transition
is imposed near Tc and pc, we observe an opalescence effect (a phenomenon that
gives fluids a milky appearance). This effect results from large fluctuations in the
molar volume of the substance (and its density), leading to an increased absorption
of incident light. This effect disappears when the system is taken just a few Kelvins
above or below the critical temperature Tc [41].

4Considering the Gibbs potential: cp = −T
(

∂2g
∂T 2

)
p
, α = 1

V

(
∂2g
∂T∂p

)
, and κT = − 1

V

(
∂2g
∂p2

)
T
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Figure 2.8: Behaviour of the Gibbs potential beyond a continuous transition. Figure
based on reference [41].

2.1.3 Landau’s theory of phase transition

The introduction of the concept of order parameter, proposed by Lev Landau in
1937, marked a significant advance in the study of phase transitions. Essentially,
Landau suggested analysing critical transitions by expanding the free energy of the
system in powers of a parameter, the order parameter, around the critical point of
the system.

This parameter can take nonzero values in one phase (the ordered phase, where
the system’s symmetry is broken) and zero values in another (the disordered phase,
where the symmetry is preserved) [40]. The order parameter of a transition is di-
rectly related to the specific system under consideration. Table 2.1 presents some
examples of critical transitions and their corresponding order parameters.

System Order Parameter Symmetry Broken
Ferromagnet Magnetization Rotational Invariance

and time reversal
Antiferromagnet Staggered magnetization Rotational Invariance

and time reversal
Coexisting liquid-gas Density difference Spatial homogeneity
Superfluid Condensate wave function Global gauge invariance

Table 2.1: Order Parameters and Symmetry Breaking in Different Systems. Table based
on reference [42].

Two order parameters from the table are particularly noteworthy: the density
difference for the liquid-gas transition and the magnetization for the transition in a
ferromagnetic system.

Starting with the liquid-gas transition, in Section 2.1.1 – equations (2.3) and (2.4)
– we associated the discontinuity in both entropy andmolar volumewith first-order
phase transitions, which occur when crossing the phase coexistence line. Thus, in
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this type of transition, the differences ∆s, ∆v, and consequently ∆ρ (the density
difference between phases) take finite values. Later, in Section 2.1.2, we discussed
how these differences vanish as we move along the coexistence curve toward the
critical point.

This behaviour can be interpreted within Landau’s theory of continuous phase
transitions. The density difference between phases, defined as:

∆ρ = ρl − ρg, (2.6)

is a natural parameter to describe the liquid-gas transition [40]. For temperatures
below the critical temperature (T < Tc), the liquid and gas phases have different
densities, leading to a nonzero ∆ρ. However, at the critical point (T = Tc), the
distinction between phases disappears and the density difference vanishes contin-
uously, characterising a continuous phase transition.

Thus, the density difference between phases serves as an order parameter for
the liquid-gas transition, since it distinguishes the liquid phase from the gas phase
and varies continuously until it vanishes at the critical point. This behaviour reflects
the smooth nature of continuous phase transitions.

Another notable order parameter is magnetisation in ferromagnetic systems in
the absence of an external field [40]. Below a critical temperature Tc, the magne-
tization takes nonzero values, indicating a phase in which the material’s spins are
predominantly aligned in the same direction—an ordered phase in which the rota-
tional symmetry of the system is broken. As the temperature increases, thermal
fluctuations become stronger, progressively reducing the order and thus the mag-
netization. At T = Tc, the magnetization vanishes, marking the transition to a
disordered phase where rotational symmetry is restored.

Next, we explore Landau’s mathematical description. Taking into account an
order parameter γ, we expand the Gibbs free energy around the critical point as [40]:

g(T, p; γ) = g0(T, P )+g1(T, p)γ+g2(T, p)γ
2+g3(T, p)γ

3+g4(T, p)γ
4+. . . . (2.7)

Since we assume analyticity near the critical point and that γ remains small due to
the continuity of the transition [43], higher-order terms beyond the fourth power
can be neglected.

The equilibrium value of γ is found by minimising g(T, p; γ):

∂g

∂γ
(T, p; γ) = g1(T, p) + 2g2(T, p)γ + 3g3(T, p)γ

2 + 4g4(T, p)γ
3 = 0. (2.8)
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which leads to:

g1(T, p) + γ(2g2(T, p) + 3g3(T, p)γ + 4g4(T, p)γ
2) = 0. (2.9)

Since the coefficients gn are arbitrary functions ofT and p, the coefficient g1(T, p)
must necessarily be zero for equation (2.9) to have solutions. Setting g1(T, p) = 0,
we obtain two possible solutions: γ = 0 and γ ̸= 0.

Let us analyse the consequences of these solutions. The minimisation condition
for g(T, p; γ) is given by:

∂2g

∂γ2
(T, p; γ) = 2g2(T, p) + 6g3(T, p)γ + 12g4(T, p)γ

2 > 0. (2.10)

For the solution γ = 0, associated with the disordered phase, equation (2.10) pro-
duces the condition 2g2(T, p) > 0, which is valid only if g2(T, p) is positive.

On the other hand, for the solution γ ̸= 0, associated with the ordered phase,
neglecting the coefficient g4(T, p) due to the smallness of γ near the critical region,
we obtain from (2.9):

2g2(T, p) + 3g3(T, p)γ = 0,

γ = −2g2(T, p)

3g3(T, p)
. (2.11)

Substituting (2.11) into (2.10), we get:

∂2g

∂γ2
(T, p; γ) = −2g2(T, p) > 0. (2.12)

Thus, for (2.12) to hold, which means that g(T, p; γ) is a minimum, g2(T, p) must
be negative when choosing the solution γ ̸= 0.

This implies that the function g2(T, p) changes sign as the systempasses through
the critical temperature Tc, being positive for T > Tc and negative for T < Tc. The
function g2(T, p) is assumed to be nonsingular at the critical point [41].

Landau proposed expressing g2 in the form: g2(T, p) = c(T − Tc), where c is a
constant. Note that this choice preserves the behaviour of g2(T, p) as we cross the
critical temperature.

With this, we can rewrite the expansion given by (2.7), already considering
g1(T, p) = 0:

g(T, p; γ) = g0(T, P ) + c(T − Tc)γ2 + g3(T, p)γ
3 + g4(T, p)γ

4, (2.13)
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which, at the critical point, takes the form:

gc(Tc, p; γ) = g0(Tc, P ) + g3(Tc, p)γ
3 + g4(Tc, p)γ

4, (2.14)

thus, the minimisation condition, considering equation (2.14), becomes:

∂2gc
∂γ2

(Tc, p; γ) = 6g3(Tc, p)γ + 12g4(Tc, p)γ
2. (2.15)

From (2.15), we conclude that if g3(Tc, p) = 0, in order to satisfy the minimum
condition ∂2gc

∂γ2 (Tc, p; γ) > 0, we must have g4(Tc, p) > 0. If this value is positive at
the critical point, it must remain so in the surrounding region.

We therefore have almost all the solutions for the coefficients of equation (2.7).
We are missing only the solution for the coefficient g3(T, p). Here, we have two
possibilities: g3(T, p) ̸= 0 or g3(T, p) = 0. We will consider the latter, due to the
interest in associating the description made here with the discussion in the previous
sections.

Once the choice g3(T, p) = 0 is made, with the remaining coefficients obtained
and considering Landau’s assumption that the coefficient g4(T, p) is practically con-
stant near the critical point, we can write the expansion of the Gibbs free energy
around the critical point of the system as:

g(T, p; γ) = g0(T, p) + c(T − Tc)γ2 + g4γ
4. (2.16)

Let us note that equation (2.16) can exhibit two distinct behaviours, depending on
the sign of the coefficient accompanying the term γ2. For c(T − Tc) > 0, equiva-
lent to T > Tc, we have the behaviour shown on the left in Figure 2.9, where the
Gibbs potential has only one minimum. On the other hand, when c(T − Tc) < 0,
equivalent to T < Tc, the Gibbs potential develops a bifurcation of the minima,
as shown on the right in Figure 2.9. The reader may recall these behaviours from
the discussions on first-order and continuous transitions presented in the previ-
ous sections. Landau’s theory recovers the results discussed there, as well as the
characteristic continuity of the first derivatives of the potential with respect to the
intensive parameters and the discontinuity of the second derivatives.

For example, calculate the molar entropy s and the specific heat at constant
pressure cp. These are given by:

s = − ∂g
∂T

; cp = −T
(
∂2g

∂T 2

)
p

. (2.17)



20 Chapter 2. Dynamical Quantum Phase Transition

Figure 2.9: Behaviour of the expansion of g in powers of γ around the critical point.
Figures based on references [40, 41].

Thus, considering equation (2.16) near the critical point and neglecting fourth-order
terms, the molar entropy is given by:

s(T, p) = s0(T, p)− cγ2, (2.18)

where s0 = −∂g0(T,p)
∂T

. To analyse the behaviour of s(T, p), let us express it in terms
of temperature.

Applying the renormalisation condition in terms of γ to equation (2.16):

∂g(T, p; γ)

∂γ
= 2c(T − Tc)γ + 4g4γ

3 = 0 (2.19)

we obtain two solutions:
γ2 =

−c(T − Tc)
2g4

(2.20)

and
γ = 0. (2.21)

Recalling that the order parameter behaves differently in each phase, we can
state that the behaviour given by (2.21) is associated with the phase where T > Tc.
Therefore, in this regime, from (2.18), we have:

s(T, p) = s0(T, p). (2.22)

On the other hand, for the regime T < Tc, the valid solution is the one associated
with a nonzero γ. In this case, substituting (2.20) into (2.18), we obtain:

s(T, p) = s0 +
c2(T − Tc)

2g4
(2.23)
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The behaviour of s(T, p) is shown in Figure 2.10 (left). Notice that at the critical
point, the function s(T, P ) remains continuous, since for T = Tc, equation (2.23)
reduces to (2.22).

Figure 2.10: Continuity of entropy and discontinuity of specific heat at the critical
point Tc. Figure based on reference [44].

The specific heat for each phase can be obtained directly from equations (2.22)
and (2.23), considering that cp = −T

(
∂2g
∂T 2

)
p
= T

(
∂s
∂T

)
p
.

Thus, in the disordered phase (T > Tc), we have cp(T ) = cp0. Meanwhile, in
the ordered phase (T < Tc), we obtain:

cp(T ) = cp0 + T
c2

2g4
(2.24)

Unlike molar entropy, this function exhibits a discontinuity at the critical point
T = Tc, as represented in Figure 2.10.

In addition to the specific heat at constant pressure, the specific heat at constant
volume cv and other generalised susceptibilities also exhibit discontinuities, which
characterise continuous phase transitions [43].

2.1.4 Critical exponent, universality, correlation length

The definition of the order parameter, combined with the fact that various sus-
ceptibilities diverge at the critical point, motivates the definition of a set of critical
exponents, which describe the behaviour of these quantities in critical regions.

We have a set of four fundamental critical exponents that can be defined for the
critical region |T − Tc| → 0 and h→ 0 (for the case of magnetic systems), where h
is the external magnetic field. Let us briefly discuss each of these exponents. For a
more detailed treatment, we refer to [41–43, 45].
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Critical exponent α

This exponent is associated with the molar heat capacity,C5, which is a quantity
that diverges at the critical point, just like the specific heat discussed in the previous
section. We can express the dependence of the singular part of the heat capacity6

as:
C ∼ (T − Tc)−α. (2.25)

Critical exponent γ

The γ exponent is associated with generalised susceptibilities: κT =
(

∂v
∂p

)
T
,

compressibility for fluids and χT = µ0

(
∂I
∂h

)
T
, magnetic susceptibility of the system,

for magnetic systems, where I is the system’s magnetic moment. Similarly, the
singular part of these quantities follows:

κT or χT ∼ (T − Tc)−γ. (2.26)

Critical exponent β

The β exponent is associated with the behaviour of the order parameter along the
coexistence curve. Considering the molar volume difference ∆v for fluids and the
magnetization I for magnetic systems, we can express the temperature dependence
as:

∆v or I ∼ (T − Tc)β. (2.27)

Critical exponent δ

The critical exponent δ is associated with the relationship between the order param-
eter and its corresponding intensive parameter along the critical isotherm (T = Tc).
For example, for the order parameter given by themagnetic moment I , the intensive
parameter associated with the divergence is the applied magnetic field h, leading
to:

I ∼ h−
1
δ . (2.28)

5There are two heat capacities: for fluids, we have Cv = T
(
∂s
∂T

)
v
, and for magnetic systems,

Ch = T
(
∂s
∂T

)
h
. However, both behave similarly near the critical point, so we will simplify the

notation by adopting C as the heat capacity.
6As in the case discussed in the previous section, it is possible to write the heat capacity as

C = C0 +C1(T − Tc)
Exp, where the second term is responsible for the divergence of this quantity

at the critical temperature and is called the singular part.
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For the order parameter given by the difference in the molar volume ∆v, the asso-
ciated intensive parameter is the pressure p:

∆v ∼ (p− pc)−
1
δ . (2.29)

From Landau’s theory, usingmean-field theory7, we obtain the following values:
α = 0, γ = 1, β = 1

2
, and δ = 3 [42, 43].

Correlation Length and Critical Exponent ν

Unlike the exponents α, β, γ and δ, previously defined in terms of thermody-
namic quantities, the exponent ν requires concepts derived from statistical physics
for its definition, specifically the idea of fluctuation, since it is associated with the
divergence of the system’s correlation length.

The correlation length ξ is a measure of the range of correlations in a system. In
other words, we can understand the correlation length as the distance over which
fluctuations in a physical quantity in one part of the system influence another part
of the same system [46].

Mathematically, the correlation length ξ is often defined in terms of the correla-
tion function G(x,y) = ⟨ϕ(x)ϕ(y)⟩ − ⟨ϕ(x)⟩⟨ϕ(y)⟩, which describes the correla-
tion between the values of a physical variableϕ at two points separated by a distance
r = |x− y|. For r ≫ ξ, the correlation function typically decays exponentially:

G(r) ∼ e−r/ξ. (2.30)

However, near the system’s criticality, the correlation length diverges [42], indicat-
ing that the correlations extend throughout the system. This suggests that critical
phenomena involve the system as a whole, meaning that fluctuations are no longer
confined to a limited region.

As with previous divergences, we can associate a critical exponent ν with the
behaviour of the correlation length’s divergence in terms of temperature T near the
critical temperature Tc:

ξ ∼ |T − Tc|−ν . (2.31)

From Landau’s theory, we obtain ν = 1
2
[42].

7Mean-field theory is an approximation that replaces local interactions between particles with
an effective mean field, simplifying system analysis by disregarding fluctuations. For example, in
the case of magnetic interactions, instead of considering the influence of each neighbouring spin
individually, it is assumed that each spin experiences an average field generated by the others. We
will not further dive into this topic, but we refer to [41, 43, 45] for more details.
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Universality d n α β γ δ ν

Mean Field all all 0 1/2 1 3 1/2
Ising 2 1 0 1/8 7/4 15 1
Ising 3 1 0.110(5) 0.325(2) 1.241(2) 0.630(2)
XY 3 2 −0.007(6) 0.3455(20) 1.316(3) 0.669(2)

Heisenberg 3 3 −0.115(9) 0.3645(25) 1.386(4) 0.705(3)

Table 2.2: Table of critical exponents for different universality classes. d is the system’s
dimensionality, n is the dimensionality of the order parameter, and α, β, γ, δ, and ν are
the critical exponents defined in section 2.1.4. Table adapted from [44].

It should be noted that the critical exponent values obtained from Landau’s the-
ory, through mean-field theory, do not match the experimental observations. How-
ever, this theory was fundamental in understanding phase transitions, introducing
concepts such as the order parameter and the expansion of the free energy, and
laying the foundation for more sophisticated approaches.8

Universality

The divergence of the correlation length leads us to an interesting scenario. The
fact that large regions become correlated implies that details related to the atomic
structure of the material are no longer relevant. As a result, long-range correlations
dominate the effects in the critical region [41].

One consequence of this is that the critical exponents of different systems as-
sume the same numerical value, with these systems exhibiting the same behaviour
in the critical region, near the phase transition. In other words, regardless of the
microscopic characteristics of the system, the critical behaviours of systems that
share the same exponents are similar. This concept is known as universality, and
systems that possess the same set of critical exponents are said to belong to the
same universality class.

The universality class of a system depends only on a few macroscopic charac-
teristics, such as the dimensionality of the system (d), the symmetry of the order
parameter, and the range of interactions [41, 42].

In Table 2.2, we can see some universality classes. It is worth noting that the
name of each class is assigned according to the simplest system that is attached to
it.

8The renormalisation group theory (RG), for instance, improves the accuracy of critical exponent
calculations, yielding values closer to experimental results. We will not discuss this theory in this
text, but we refer to [46] for a better understanding of it.
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The mathematical foundation for the development of the universality concept,
renormalisation group theory, is not the focus of this text. However, if the reader de-
sires a deeper understanding of the universality phenomenon and how interactions
in the system behave with changes in correlation scales, we recommend consulting
references [42, 46].

2.1.5 Statistical Physics’ Approach

In addition to the approaches discussed in the previous subsections, we can
adopt a statistical perspective to analyse classical phase transitions. The Partition
Function plays an important role in this scenario, with its zeros being associated
with the characterisation of the phase transition.

The canonical partition function for a system in thermal equilibrium with a
reservoir at temperature T , can be expressed in terms of the system’s Hamilto-
nian [45]:

Z = Tr
(
e−βH

)
, (2.32)

where β = 1/(kBT ) is the inverse temperature and kB is the Boltzmann constant.
From the partition function, we can obtain the state functions of the physical

system and, consequently, the thermodynamic quantities of interest. For example,
the Helmholtz free energy is defined in terms of the partition function Z as:

F = − 1

β
lnZ, (2.33)

and from itwe can derive thermodynamic quantities such as pressureP = −
(
∂F
∂V

)
T,N

,

entropy S = −
(
∂F
∂T

)
V,N

, and specific heat at constant volume CV = −T
(

∂2F
∂T 2

)
V,N

,
for example [40].

In the previous sections, we saw that phase transitions can be characterised by
non-analyticities in state functions or their derivatives. As an example, we consid-
ered the Gibbs free energy, which exhibits discontinuities in its first derivatives in
first-order phase transitions, while in continuous transitions, non-analyticities ap-
pear in the second derivatives, such as divergences or discontinuities in the slope.

Considering this, the analysis of phase transitions via the Helmholtz free en-
ergy9 expressed in terms of the partition function becomes interesting. Note that
for F to exhibit singularities, the partition function Z must be zero.

9We can directly relate the Gibbs and Helmholtz free energies through a Legendre transform:
G(T, p,N) = F (T, V,N) + pV [40], so the characteristics under transition can be analysed using
the Helmholtz free energy, as well as any thermodynamic potential.
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The zeros of the partition function occur in the thermodynamic limit and were
initially studied in the context of phase transition characterisation by Yang and Lee
[47] within the framework of the grand partition function10. Yang and Lee analysed
the distribution of zeros in the complex plane of fugacity11.

The phase transition occurs in the thermodynamic limit and is characterised
when these zeros reach the real axis of fugacity in the complex plane. This phe-
nomenon signals a phase change, since it divides the real axis into two regions,
each corresponding to a distinct phase of the system. Therefore, at these critical
fugacity points, the system switches from one phase to another. This description
will not be explored in depth here; however, the reader can find the development of
this idea in references [40, 45].

Fisher expanded the Yang and Lee’s approach to the canonical ensemble, defin-
ing Fisher zeros. In Fisher’s formulation, instead of analysing the complex fugacity
plane, the analysis is conducted in the complex temperature plane.

We can rewrite the partition function (2.32) in terms of the set of eigenvalues
{En} of H :

Z =
∑
n

e−βEn . (2.34)

Considering the possibility that the system exhibits degeneracy in its energy lev-
els, we can rewrite (2.34) in terms of the density of states ρ(E), which counts the
multiplicity of energy levels:

Z =
∑
n

ρ(En)e
−βEn . (2.35)

Assuming that the system has discretised energies En = ϵ0 + nϵ, we obtain the
following

Z = e−βϵ0
∑
n

ρne
−βnϵ = e−βϵ0

∑
n

ρnz
n, (2.36)

where z ≡ e−βϵ. The polynomial form of (2.36) allows us to rewrite the partition
function in terms of its roots in the complex plane12:

Z = e−βϵ0

N∏
n=1

(z − zn), (2.37)

10The grand partition function is defined for systems in equilibrium with both heat and particle
reservoirs.

11This property is associated with the variation in the energy of the systemwhen gaining or losing
particles, and the fugacity is defined as z = eβµ, so that the grand partition function can be written
as Γ(z, β) =

∑
N zNZ(β) [40].

12By the Fundamental Theorem of Algebra, a polynomial of degreeN can be factored as a product
of its zeros.
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where zn are the complex roots of the partition function.
For finite systems, the zeros of the partition function are distributed in the com-

plex plane and do not touch the real axis, ensuring that Z remains positive and
nonzero throughout the real domain. As a consequence, the free energy (2.33)
and its derived functions remain analytic. However, in the thermodynamic limit
(N →∞), the zeros can accumulate and reach the real axis, causing Z to vanish at
certain critical points. At these points, (2.33) becomes non-analytic, characterising
the occurrence of a phase transition [48, 49].

The point where a Fisher zero reaches the real axis is associated with a critical
temperature of the system, Tc = 1

βc
. Thus, this point separates two regions on the

real temperature axis that are free of real roots. Each region characterises a phase
of the system, similar to the behaviour of Yang-Lee zeros.

In the context of this thesis, we will explore an analogous application of this idea
in the study of quantum dynamical phase transitions (DQPTs). In this formulation,
the dynamical partition function, associatedwith the Loschmidt Echo, exhibits zeros
in complex time, playing a role similar to Fisher zeros in identifying criticality. This
connection will be developed in a later section.

2.2 Quantum Phase Transition

Quantum phase transitions, unlike classical transitions, occur exclusively due
to quantum fluctuations. Therefore, ensuring that the transition under analysis is
indeed a quantum transition requires eliminating the possibility of thermal fluctu-
ations, which means considering the zero-temperature limit T = 0 [46, 50].

In this regime, the ground-state energy takes the role of the free energy, which
was the quantity analysed in classical phase transitions. Thus, we can study the
system simply by analysing the behaviour of the ground state as we vary an external
non-thermal parameter of the Hamiltonian, such as an external magnetic field or
pressure.

Consider a system described by a Hamiltonian operator H(g), where g is a di-
mensionless coupling parameter that can be controlled externally. In general, the
system behaves smoothly and analytically as a function of g.

However, non-analyticities can arise in the ground state of the system for some
value g = gc. For example, the LMG (Lipkin-Meshkov-Glick) model, which will
be introduced in Chapter 5, exhibits non-analyticity in the magnetization along a
certain direction, associated with symmetry restoration when crossing the critical
point (for a critical value of the transverse magnetic field). Thus, the quantum phase
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transition is precisely characterised by these non-analyticities in the ground-state
energy at T = 0.

Such non-analyticities arise in Hamiltonians where g couples only to the con-
served quantity [46]:

H(g) = H0 + gH1, (2.38)

with [H0, H1] = 0, which allows H0 and H1 to be diagonalized simultaneously.
Hamiltonians of this type are common in spin-chain models, such as the LMG
model [32], the transverse-field Ising model [46], and the Dicke model.

Since we can simultaneously diagonalize the components of H , the eigenstates
remain independent of g, even though the eigenvalues depend on the external pa-
rameter. This results in the possibility of a level crossing at a specific value of g [46].

The crossing between the ground-state energy and the first excited state, as
shown in Fig. 2.11 (left), occurs at the critical point g = gc, leading to a non-
analyticity in the ground-state energy with respect to g. This is similar to the case
discussed in Section 2.1.1, where a shift in the minimum of the Gibbs free energy
was observed.

The occurrence of this crossing characterises a first-order quantum phase transi-
tion, which can occur even in finite-size systems. Furthermore, there are no diver-
gences in the correlation length or any critical singularities [46, 50].

Figure 2.11: Crossing (left) and avoided crossing (right) between the ground-state and
first excited-state energy levels at g = gc. Figure based on reference [46].

A behaviour like the one shown in Fig. 2.11 (right) can also occur. In this case,
there is no exact crossing of the energy level; however, the ground and first excited-
state energy levels approach each other as we approach g = gc, with this effect
becoming more pronounced as the size of the system increases. Unlike first-order
QPTs, the emergence of non-analyticities in the ground-state energy occurs only
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in the thermodynamic limit [50]. Transitions with these characteristics are called
continuous quantum phase transitions.

Continuous transitions, also referred to as second-order quantum phase transi-
tions, are characterised by the vanishing of the characteristic fluctuation energy
scale ∆ above the ground state as the system approaches the critical point. This
behaviour allows for their description using critical exponents.

2.2.1 Critical Exponents, CorrelationLength, andEnergy Scale

The scale ∆ can be seen as an energy gap above the ground state, between the
ground state and the first excited state. The behaviour of ∆ near the point g = gc

is given by [46]:
∆ ∼ J |g − gc|zν , (2.39)

where J is the energy scale of the system’s coupling and zν is a critical exponent.
It is evident that the scale ∆ decreases as we approach the critical point, becoming
zero at g = gc, which characterises a continuous phase transition, as the vanishing
of this energy gap leads to a non-analyticity in the ground state.

It should be noted that this behaviour is similar to the one discussed for the phys-
ical quantities presented in Section 2.1.4, which also exhibited singular behaviour
near the critical point of classical continuous transitions.

Another quantity that exhibits typical behaviour in a QPT is the characteristic
correlation length scale ξ. Defined in Section 2.1.4, this length scale determines the
decay of system correlations at long distances and diverges as we approach the
critical point, with the system becoming highly correlated at the phase transition.
The divergence of ξ is given by [46, 51]:

ξ−1 ∼ Λ |g − gc|ν , (2.40)

where Λ is an inverse length scale of the order of the structural spacing of the
system, and ν is a critical exponent.

Note that both the energy scale ∆ and the inverse correlation length scale ξ−1

decay as the system approaches the critical point. Therefore, we can relate these
two parameters, obtaining the following relation:

∆ ∼ ξ−z. (2.41)

Both quantities characterise a QPT through their disappearance at the system’s
critical point. Although they become zero at the critical point, they do not remain
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zero in the disordered phase. Thus, they cannot be strictly considered “order param-
eters” but rather critical quantities that signal, respectively, the presence or absence
of a gap (∆) and the existence (or lack) of long-range correlations (ξ). In this way,
∆→ 0 and ξ−1 → 0 at the critical point indicate the divergence of the characteris-
tic energy and length scales but do not directly represent the symmetry breaking or
restoration, which is a fundamental characteristic of the Landau order parameters.

2.2.2 Finite Temperature

Understanding the role of finite temperature in QPTs is relevant since, from an
experimental perspective, reaching T = 0 is unfeasible. Additionally, even from a
theoretical point of view, it is important to analyse how thermal fluctuations affect
the quantum scenario near the critical point.

There are two possible scenarios [46, 51]:

(I) The phase transition does not occur for T > 0, making the thermody-
namic functions analytic with respect to g. In this case, non-analyticity oc-
curs only along the T = 0 axis, characterising an exclusively quantum critical
point (see Figure 2.12).

(II) There is a continuous phase transition line for T > 0, terminating at
the quantum critical point at g = gc, in T = 0 (see Figure 2.13). In this
case, quantum fluctuations compete with thermal fluctuations along the en-
tire transition line.

Figure 2.12: The critical point exists only at zero temperature. Figure based on refer-
ence [46].

In case (I), no phase transition occurs for T > 0. The presence of any finite
amount of heat makes the thermodynamic quantities analytic in g. Thus, the tran-
sition (and criticality) occurs only at T = 0, when purely quantum fluctuations
dominate while thermal fluctuations vanish.
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Figure 2.13: Phase transition line at T > 0 terminating at the quantum critical point.
Figure based on reference [46].

For case (II), there is a transition line at T > 0, associated with non-analyticities
in the free energy. As discussed in Section 2.1.2, classical phase transition theory ef-
fectively describes this critical line if thermal fluctuations dominate. However, near
the quantum critical point (T → 0 and g → gc), regions emerge where quantum
fluctuations become relevant even at finite temperature, characterising the so-called
quantum critical region, represented in Figure 2.14 [46].

Energy Scales

To understand the extent to which quantum fluctuations prevail over thermal
fluctuations, considering that the transition line ends at the critical point, we anal-
yse the relationship between the two relevant energy scales: the quantum gap ∆

(given by 2.39), which measures the smallest excitation above the ground state, and
the thermal scale kBT .

Figure 2.14 illustrates this comparison, separating regions where∆ > kBT and
regions where ∆ < kBT using a dashed line, where ∆ = kBT .

When∆ > kBT , thermal excitations cannot promote the system to states above
the gap, meaning that quantum fluctuations dominate. In contrast, in the regime
where ∆ < kBT , the system is subject to thermal excitations capable of driving it
to excited states, even near gc, characterising the quantum critical region. In this re-
gion, low-energy quantum fluctuations (∆→ 0) compete with thermal fluctuations,
generating critical behaviour distinct from purely classical transitions.

Thus, although purely quantum transitions strictly occur at zero temperature,
even at finite temperatures, it is possible to identify critical behaviours strongly in-
fluenced by quantum criticality. In these regimes, low-energy quantum fluctuations
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Figure 2.14: Regions where ∆ and kBT dominate. Figure based on reference [46].

remain relevant and compete with thermal fluctuations, resulting in critical prop-
erties that still carry the signature of the quantum critical point, even though they
are not exclusively quantum transitions [46].

2.3 Dynamical Quantum Phase Transition

The transitions discussed in the previous sections share similarities in their de-
scriptions and can be approached using well-established concepts in equilibrium
physics. They are analysed through definitions of free energy, partition functions,
and other parameters derived from equilibrium statistical physics. However, when
dealing with systems evolving out of equilibrium, it is not possible to define such
quantities, making it impossible to describe them using this framework.

In this section, we will discuss a method for characterising theDynamical Quan-
tum Phase Transition (type-II DQPT), based on the works of M. Heyl [1, 2], who
introduced this phase transition concept. This method is grounded in the concept
of the Loschmidt Echo and the Fisher zeros associated with this function, drawing
parallels to the framework developed for equilibrium transitions. In addition, we
present the dynamical order-parameter approach (type-I DQPT), where the transi-
tion is identified through qualitative changes in long-time averaged observables [4,
7, 27].

2.3.1 Non-equilibrium protocol

Since DQPTs are phenomena arising from non-equilibrium evolutions, before
proceeding with their formal definition, we must introduce the concept of quantum
quench, which will be the non-equilibrium protocol used.
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The protocol consists of a system prepared in an initial state |ψ0⟩, which is an
eigenstate of the Hamiltonian H0 = H(λ0), where λ0 is the initial parameter as-
sociated with a variable system parameter λ. At time t, a sudden change occurs in
λ:

λ : λ0 −→ λf , (2.42)

such a change is called a quantum quench.
For example, if the parameter λ is an external magnetic field, the quench is

equivalent to a very rapid alteration of this field, induced by an external agent, in
such a way that the change can be considered instantaneous.

Consequently, the system’s Hamiltonian also undergoes a change:

H0 −→ H = H(λf ). (2.43)

The evolution of the initial state, governed by the post-quench Hamiltonian H ,
allows the system to undergo real-time quantum dynamics, with the evolved state
given by:

|ψ(t)⟩ = e−iHt |ψ0⟩ . (2.44)

This evolution is non-trivial in most cases, considering that |ψ0⟩ is generally not an
eigenstate of H [1].

This will be the protocol used in our calculations, which will be presented in
Chapter 5. Now, let us move on to the definitions of the quantities used in identify-
ing the DQPT.

2.3.2 Loschmidt Amplitude and Loschmidt Echo

We begin by defining the Loschmidt Amplitude, which is a central quantity in
the study of DQPTs [1, 52]. Being the overlap between the initial state |ψ0⟩ and
the state evolved by the post-quench Hamiltonian |ψ(t)⟩, given by (2.44), it can be
written as:

G(t) = ⟨ψ0|ψ(t)⟩ = ⟨ψ0| e−iHt |ψ0⟩ . (2.45)

The Loschmidt amplitude can be understood as a "deviation" of the evolved state
from the initial state or as a probability amplitude for the evolved state to return to
the initial state [1, 2].

The probability associated with G(t) is called the Loschmidt Echo,

Le(t) = |G(t)|2 = | ⟨ψ0| e−iHt |ψ0⟩ |2 (2.46)
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and can be interpreted as the probability that the system, at each instant t, is pro-
jected onto the initial state of the system, that is, a probability of returning to the
initial state manifold [1].

The use of these quantities in the identification of DQPTs arises from the possi-
bility of drawing analogies with the quantities applied to the identification of clas-
sical phase transitions, such as the partition function and free energy.

2.3.3 Partition Function, Fisher Zeros, and Rate Function

The Loschmidt amplitude, as well as the Loschmidt echo, exhibit functional de-
pendence on the number of degrees of freedom N , particularly for large N [1, 52].
This behaviour suggests an analogy with the equilibrium partition function.

To understand this connection, we first rewrite the Loschmidt amplitude by ex-
tending it to the complex time plane, considering z = t− iτ :

G(z) = ⟨ψ0| e−iHz |ψ0⟩ . (2.47)

When z is purely imaginary, i.e., z = −iτ , we can rewrite the amplitude as:

G(−iτ) = ⟨ψ0| e−Hτ |ψ0⟩ . (2.48)

This expression is equivalent to a boundary partition function, which corresponds
to an equilibrium partition function with fixed boundary states at |ψ0⟩ [52].

Due to this analogy, we can analyse the dynamical behaviour using the Fisher
zeros formalism. In this way, we can characterise the dynamical phase transition
by analogy with the classical transition described by Fisher zeros [1].

Fisher Zeros

In 2.1.5, we introduced Fisher zeros as a generalisation of Yang-Lee zeros, analysing
the roots of the partition function in the complex temperature plane.

In the construction presented in 2.1.5, the partition function was represented as
a polynomial in terms of a complex variable associated with temperature. To estab-
lish an analogy here, let us rewrite equation (2.47) considering H =

∑
nEn |n⟩⟨n|,

where En are the eigenvalues and {|n⟩} are the eigenstates of H :

G(z) =
∑
n

e−iEnz| ⟨n|ψ0⟩ |2. (2.49)
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Equation (2.49) is similar to that obtained in (2.35). This similarity suggests that
we can factorise this function in terms of its roots, analogously to the procedure
applied in the previously mentioned section.

Using the Weierstrass factorisation theorem13, we can express the generalised
Loschmidt amplitude in factored form [1]:

G(z) = e−βϵ0

N∏
n=1

(z − zn), (2.50)

where zn correspond to the roots of the Loschmidt amplitude in the complex time
plane.

For finite systems, the zeros are distributed away from the real-time axis, en-
suring that the amplitude never vanishes. However, in the limit N →∞, the zeros
can accumulate and cross the real-time axis, leading to critical points where the
Loschmidt amplitude becomes zero.

Rate Function

Continuing the analogy, just aswe relate the partition function to the free energy
in classical systems, we can define the rate function associated with the Loschmidt
amplitude

g(z) = − lim
N→∞

1

N
lnG(z). (2.51)

This function plays a role analogous to the free energy per particle in equilibrium
phase transitions. Therefore, we also define the rate function associated with the
Loschmidt echo in real-time, returning to our initial definition of Le,

λ(t) = − lim
N→∞

1

N
lnLe(t). (2.52)

Both (2.51) and (2.52) characterise the system’s evolution in the thermodynamic
limit and allow us to identify dynamical transition points when they exhibit non-
analyticities. These non-analyticities are associated with the Fisher zeros of the
Loschmidt amplitude in the complex plane and the Loschmidt echo, occurring when
the Fisher zeros reach the real-time axis in the complex time plane [29].

The connectionwith Fisher zerosmakes this approach robust for studyingDQPTs,
as it provides a well-defined mathematical criterion for the occurrence of the tran-
sition, analogous to the treatment of equilibrium phase transitions via Fisher zeros
in the partition function.

13The Weierstrass factorisation theorem states that any entire function (a function analytic over
the entire complex plane) can be expressed as an infinite product involving its zeros, generalising
the fundamental theorem of algebra.
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Type-II DQPT Definition

We can now formally define the occurrence of a DQPT. A DQPT occurs when
the rate function λ(t) exhibits nonanalyticalities at specific times tc. These non-
analyticities are directly associated with Fisher zeros reaching the real-time axis in
the thermodynamic limit, which are discretely linked to the zeros of the Loschmidt
echo [1, 2].

The time dependence of the rate function means that the transition is guided
solely by time, characterising the DQPT as a phase transition in time. In Figure 2.15,
we illustrate a typical behaviour of the rate function λ(t) in a situation where crit-
icality occurs at a critical time tc. The observed kink indicates non-analyticity and
characterises the occurrence of a DQPT.

Figure 2.15: Rate function as a function of time for a system undergoing a DQPT at tc.
Figure based on reference [1].

This behaviour is analogous to that found in second-order equilibrium phase
transitions, reinforcing the interpretation of DQPTs as critical transitions in time.
DQPTs occur on transient time scales, meaning that they take place on timescales
much shorter than the system’s thermalization time. Therefore, they are phenom-
ena independent of the system reaching equilibrium.

2.3.4 Order Parameter and Type-I DQPT

Another way of characterising DQPT consists in the analysis of a parameter
of dynamical order, which marks the transition and is referred to as DPT-I when
described in this way. This characterisation follows the Landau definition of an
order parameter for classical phase transitions, presented in Sec. 2.1.3.



2.3. Dynamical Quantum Phase Transition 37

In out-of-equilibrium systems, dynamical phases naturally present oscillations
in physical observables, a direct consequence of the dynamical character of the evo-
lution. Qualitatively distinct behaviours are then observed in different phases, be-
low or above the dynamical critical point [7]. For instance, physical quantities can
oscillate around a nonzero average value in one phase and around zero in another.

In this context, the dynamical order parameter is defined as the long-time aver-
age of an observable, such as a component of the collective spin [27]:

⟨Ji⟩ = lim
T→∞

1

T

∫ T

0

dt ⟨Ji(t)⟩. (2.53)

where ⟨Ji(t)⟩ = ⟨ψ(t)| Ji |ψ(t)⟩ is the expectation value with respect to the time-
evolved state |ψ(t)⟩. This quantity is finite in the dynamically ordered phase, the
one with broken-symmetry, and vanishes in the disordered one, with restored sym-
metry, thus capturing the non-equilibrium transition [4, 28, 53].

As an illustrative example, in the Lipkin-Meshkov-Glick model, the dynami-
cal order parameter corresponds to the magnetization along a specific direction.
Starting from an initial ferromagnetic state, quenches below the critical point lead
to oscillations around a nonzero average value, whereas quenches above the criti-
cal point drive the system into a phase where the average magnetization vanishes.
A more detailed discussion and graphs of this case will be presented later in Sec-
tion 5.3, in this thesis.
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Chapter 3

Entropy Production

This chapter aims to explore the concept of entropy production in nonequilib-
rium systems. We begin with a brief discussion of the classical concepts of entropy
and its relationship to thermodynamic irreversibility. Next, we address entropy and
its production within the framework of information theory, defining it in the quan-
tum context and constructing entropy production for more general scenarios of
quantum evolution. Finally, we express entropy production in terms of the distinc-
tion between the initial and evolved states, a result that will be of great importance
for the continuation of this work.

3.1 What is Entropy?

In any physical process, changes in the quantities involved will inevitably occur
throughout its course. In processes that take place in finite time, entropy will flow
between systems. However, unlike other quantities such as energy or the number
of particles, entropy can be irreversibly produced, meaning that it does not satisfy
a “continuity equation” [54].

Entropy is a fundamental quantity in thermodynamics and statistical physics. In
classical thermodynamics, it emerges as a state function introduced in the form of
postulates, restricting certain processes by requiring its maximisation for a closed
system to reach equilibrium.

Unlike other state functions—such as internal energy, enthalpy, Helmholtz free
energy, and Gibbs free energy—which have direct interpretations related to a sys-
tem’s energy content and useful work, entropy lacks an immediate intuitive inter-
pretation. Although these state functions offer a clear understanding of concepts
such as total energy, available work, and heat exchange at constant pressure or
volume, entropy is initially abstract.

In the context of statistical physics, entropy is associated with the number of
accessible microstates of a system under given constraints [41]. This perspective
provides a more intuitive explanation, linking entropy to the concept of disorder:
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systems evolve by maximising entropy, reaching states with the highest number of
accessible microstates.

In the classical context, the change in entropy of a system S is defined by Clau-
sius as [54, 55]:

∆Ss ≥ −
∑
i

Qi

Ti
(3.1)

where ∆Ss is the variation in system entropy, Qi is the heat reversibly exchanged
between the system and the reservoir i during the process, and Ti is the temperature
of the reservoir i. Here, by convention, we adopt Qi > 0 when heat flows from the
system to the reservoir i. Note that if

∑
iQi > 0, the entropy variation of the

system will be negative; however, this does not violate any thermodynamic laws,
since entropy is not decreasing globally, but rather in a specific part of the universe.

The definition (3.1) is based on the idea of an interaction between the system and
the thermal reservoirs, associated with the concept of variation in entropy between
the initial and final states of the process under analysis, rather than an intrinsic
characteristic of the system.

However, one of the fundamental postulates of thermodynamics states that:

“The entropy of any system vanishes in state forwhich (∂U/∂S)V,N1,N2,··· ,Nr =

0” [41].

That is, the entropy of any system tends to zero in states where T → 0, giving
us the idea of an absolute value of the entropy. This postulate is related to what
became known as the Nernst Theorem and was later formalised as the Third Law of
Thermodynamics [41].

The Nernst Theorem states that the entropy variation in reversible isothermal
processes tends to zero as the system’s temperature approaches absolute zero T →
0:

lim
T→0

∆S = 0. (3.2)

Meanwhile, the Third Law of Thermodynamics, attributed to Planck, is slightly
more general, asserting that the absolute entropy of systems with a single funda-
mental (non-degenerate) state tends to zero in the limit T → 0:

lim
T→0

S = 0. (3.3)

Although the Nernst Theorem and the Third Law impose a lower bound on en-
tropy, assigning it an absolute reference, in the context of classical thermodynamics,
entropy remains abstract, being defined in terms of variation and lacking a concrete
physical interpretation [41].
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A more concrete understanding of entropy arises with statistical mechanics
through Boltzmann’s formulation. In this context, entropy is directly related to the
number of accessible microstates of the system Ω and is defined as the logarithm of
this quantity [40, 41]:

S = kB lnΩ, (3.4)

where kB is the Boltzmann constant.
In Boltzmann’s formulation, all microstates are considered to have the same

probability of occupation, a valid assumption for ergodic systems1 in thermal equi-
librium. Statistical mechanics describes that a macroscopic system, characterised by
parameters such as total energy, volume, and number of particles, can be distributed
among various possible microstates.

The total number Ω is determined by the macroscopic constraints imposed on
the system. Changing at least one of these constraints, such as volume or total
energy, allows access to new microstates, increasingΩ. This change directly results
in an increase in the system’s entropy, as described by equation (3.4) [40]. However,
out-of-equilibrium, the equiprobability assumption may not hold, requiring more
general and appropriate descriptions for entropy.

Therefore, statistical interpretation relates the entropy to the number of acces-
sible microstates, which justifies why, in thermodynamic equilibrium, it reaches its
maximum value: states with larger Ω are more probable [41]. This probabilistic
view underlies the irreversibility described by the second law, as systems tend to
evolve spontaneously toward configurations of higher entropy (with greater Ω). In
irreversible processes, such as free expansion, the entropy variation quantifies the
departure from equilibrium, illustrating the statistical basis of dissipation in both
macroscopic and microscopic systems.

3.2 Entropy production

Given the concept of entropy and its interpretation in the context of classical
thermodynamics and statistical mechanics, we can now move on to the idea of en-
tropy production and its relation to irreversibility and the second law of thermody-
namics.

1An ergodic system is one in which, after a sufficiently long time, the system’s representative
point comes arbitrarily close to any point on the energy surface; In other words, the system’s trajec-
tory “explores” the entire accessible phase region, ensuring that time averages of physical quantities
coincide with ensemble averages [42].
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3.2.1 Systems in Equilibrium and Nonequilibrium

Thermodynamics is based on the concept of thermodynamic equilibrium, a con-
dition in which themacroscopic properties of the system remain constant over time,
determined exclusively by intrinsic factors, without the influence of externally ap-
plied conditions [41]. In equilibrium, we describe the system using state functions
and extensive and intensive variables, as well as the principle of entropy maximi-
sation.

Formally, equilibrium states can be characterised by the following postulate:

Postulate I - There exist particular states (called equilibrium states) of
simple systems that, macroscopically, are characterized completely by
the internal energy U , the volume V , and the mole numbers N1, N2,
· · · , Nr of the chemical components [41].

And also via entropy maximisation:

Postulate II - There exists a function (called the entropy S) of the ex-
tensive parameters of any composite system, defined for all equilibrium
states and having the following property: The values assumed by the
extensive parameters in the absence of an internal constraint are those
that maximize the entropy over themanifold of constrained equilibrium
states [41].

However, for out-of-equilibrium systems, such as those subjected to temper-
ature gradients or particle flows, traditional thermodynamic tools become inade-
quate. In these conditions, the dynamic description and entropy production are
essential to understand deviations from equilibrium and the resulting fluxes.

For example, systems operating in out-of-equilibrium regimes, such as non-
equilibrium steady states (NESS), maintain constant energy and entropy fluxes, even
though the total entropy variation in the systemmay be zero

(
dSs

dt
= 0
)
. Such states

are characterised by a constant and nonzero entropy production, allowing a detailed
analysis of the irreversibility of the processes involved [54].

Furthermore, phenomena such asDynamical QuantumPhase Transitions (DQPT)
occur purely in the out-of-equilibrium regime. These transitions, discussed in Sec-
tion 2.3, highlight the importance of temporal dynamics in the analysis of out-of-
equilibrium quantum systems and show how concepts like the Loschmidt Echo can
complement the traditional thermodynamic approach.

This distinction between equilibrium and out-of-equilibrium systems empha-
sises the importance of entropy production, establishing it as an essential tool for
quantifying irreversibility and understanding phenomena in different dynamical
regimes.



3.2. Entropy production 43

3.2.2 Definition

To introduce the idea of entropy production, we will use the definition of en-
tropy given by Clausius, presented in equation (3.1). This definition expresses the
second law of thermodynamics as an inequality which is saturated only for re-
versible processes. In these cases, we have:

∆Ss = −
∑
i

Qi

Ti
(3.5)

That is, for reversible processes, the entropy variation of the system is determined
only by the heat flow between the system and the thermal reservoirs. This flow con-
tributes exclusively to the global entropy balance, without generating irreversibil-
ities. In other words, for a reversible process, the entropy variation of the system
occurs due to the heat flow out of the system Qi > 0, which generates a negative
entropy flow from the perspective of the system, ∆Ss < 0, or due to the heat flow
into the system Qi < 0, which generates a positive entropy flow, ∆Ss > 0 [54].

On the other hand, for irreversible processes, the equality is not satisfied. In
such situations, the entropy variation of the system exceeds the entropy flow as a
result of heat exchange. This excess entropy quantity is called entropy production Σ
and reflects the irreversibility of the process.

Rewriting equation (3.1), we can define Σ as:

Σ = ∆Ss +
∑
i

Qi

Ti
≥ 0, (3.6)

which indicates the non-negativity of entropy production, Σ ≥ 0, reaching zero
only when the system undergoes a reversible transformation. In other words, en-
tropy production quantifies the departure from equilibrium and is a characteristic
of the thermodynamic process rather than an intrinsic property of the system, as
entropy is. The further from equilibrium the process occurs, the higher the value
of Σ [54].

Thus, entropy production not only quantifies the irreversibility of thermody-
namic processes but also provides a basis for understanding and analysing nonequi-
librium systems.

For processes that evolve over time, it is useful to consider the entropy produc-
tion rate Σ̇, which expresses the time variation of the entropy production. This
quantity allows us to analyse irreversibility in dynamical systems:

Σ̇ =
dΣ

dt
. (3.7)



44 Chapter 3. Entropy Production

Considering definition (3.6) and writing the total entropy flux as ϕs =
∑

i
Qi

Ti
, with

the convention ϕs > 0 for the entropy flow out of the system, meaning the system’s
entropy decreases while the reservoir’s entropy increases, we can write:

Σ̇ =
dSs

dt
+ ϕ̇s ≥ 0. (3.8)

Σ̇, therefore, is a balance between the time rates of variation in entropy in the
system and the entropy flow between the system and the reservoir.

In terms of entropy variation in the system, we have:

dSs

dt
= Σ̇− ϕ̇s. (3.9)

Note that the time variation of the entropy in the system depends on the difference
between the entropy production rate Σ̇, which is always positive, and the rate at
which this entropy flows into or out of the system ϕ̇s.

The case of NESS, mentioned above, is particularly interesting since we have
Σ̇ = ϕ̇s, leading to a zero entropy variation in the system over time dSs

dt
= 0. The

constant rates of entropy production and entropy flux characterise this condition
and differentiate it from equilibrium, which occurs when both entropy production
and entropy flux cease entirely, i.e. Σ̇ = ϕ̇ = 0[54].

The second law of thermodynamics can then be formalised in terms of these
two definitions: entropy production, given by (3.6), and entropy production rate,
via (3.8), ensuring that total entropy production is always non-negative (Σ ≥ 0 and
Σ̇ ≥ 0).

3.3 The Role of Entropy Production

Having established the fundamentals of entropy production and its relationship
with irreversibility, we can analyse some examples in which this concept plays a
fundamental role. Furthermore, we will explore the extension of this concept to
quantum systems, formulated via informational entropy. This section is based on
reference [54].

To begin, let us analyse the operation of a heat engine, a classic example that
directly connects this concept to the limits imposed by the second law of thermo-
dynamics.
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3.3.1 Heat Engine

Let us consider a system s continuously interacting with two thermal reservoirs
at different temperatures, Th and Tc, with Th > Tc. In addition, the system interacts
with an external agent capable of extracting or performing work on s. Here, we
adopt the convention W > 0 for the work done on the system, along with the
convention previously adopted for heat flow.

The first and second laws of thermodynamics, in terms of the time rate of change
of the system’s internal energy dUs

dt
and the entropy production rate Σ̇, can be ex-

pressed as [54]:
dUs

dt
= Ẇ − Q̇h − Q̇c, (3.10)

and
Σ̇ =

dSs

dt
+
Q̇h

Th
+
Q̇c

Tc
(3.11)

where Q̇h and Q̇c are the rates at which heat flows between the system and the
reservoirs at Th and Tc, respectively.

When operating for a sufficiently long time, the steady-state condition
(
dUs

dt
= dSs

dt
= 0
)

is reached [54]. Under this condition, equations (3.10) and (3.11) can be rewritten
as follows:

Ẇ = Q̇h + Q̇c, (3.12)

and
Σ̇ =

Q̇h

Th
+
Q̇c

Tc
(3.13)

Using the above equations, we can express the efficiency η = Ẇ
Q̇h

as follows:

η = 1 +
Q̇c

Q̇h

,

= 1− Tc
Th

+
Tc

Q̇h

Σ̇,

= ηc +
Tc

Q̇h

Σ̇, (3.14)

where ηc = 1− Tc

Th
is the Carnot efficiency.

Since Q̇h < 0, the second term in equation (3.14) is always non-positive, as
the second law ensures Σ̇ ≥ 0. Thus, from equation (3.14), we conclude that the
efficiency of a heat engine is always lower than the Carnot efficiency because of
a term proportional to the entropy production rate. The two efficiencies are equal
only when the processes are reversible Σ̇ = 0. Therefore, the less entropy that is
generated in the involved processes, the closer the system is to Carnot efficiency.
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Since Carnot’s statement of the second law of thermodynamics is given by [54]:

“The efficiency of any quasi-static or reversible cycle between two heat
reservoirs depends only on the temperatures of the reservoirs them-
selves, and is the same, regardless of the working substance. An engine
operated in this way is the most efficient possible heat engine using
those two temperatures”.

We conclude that as the entropy production increases because of irreversibility in
the heat engine cycle, the efficiency decreases relative to the Carnot efficiency. Thus,
entropy production serves as a quantitative measure of the degree of irreversibility
of the system.

Furthermore, entropy production in the cycle dictates two important rules. First,
considering a single reservoir in contact with the system, taking Q̇c = 0, from
equations (3.12) and (3.13) we obtain:

Ẇ = Q̇h (3.15)

and
Σ̇ =

Q̇h

Th
, (3.16)

therefore, from (3.15) and (3.16), we have:

Σ̇ =
Ẇ

Th
≥ 0. (3.17)

Notice that, in order to maintain the non-negativity condition of entropy, we
necessarily have Ẇ ≥ 0, meaning that work must be injected into the system,
as described by the Kelvin-Planck statement of the second law of thermodynam-
ics [54]:

“It is impossible to devise a cyclically operating device, the sole effect
of which is to absorb energy in the form of heat from a single thermal
reservoir and to deliver an equivalent amount of work.”

Finally, if we consider Ẇ = 0, from (3.12), we obtain−Q̇c = Q̇h. Then, equation
(3.13) can be rewritten as:

Σ̇ = Q̇c

(
1

Tc
− 1

Th

)
≥ 0, (3.18)

which indicates that, due to the conditions Σ̇ ≥ 0 and Th > Tc, heat must neces-
sarily flow from the hot reservoir to the cold reservoir. This consequence can be
summarised by the Clausius statement of the second law of thermodynamics [54]:
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“Heat can never pass from a colder to a warmer body without some
other change, connected therewith, occurring at the same time.”

Considering the same example, we can introduce another possibility of exchange
between the system and the reservoirs. Suppose now that the system is allowed to
exchange particles with both the hot and cold reservoirs, given by Nh and Nc, re-
spectively. Again, we adopt the convention that flows leaving the reservoir are
positive, Ni > 0. Assuming that no work is involved, the first law can be rewritten
as [54]:

dUs

dt
= −Q̇h − Q̇c + µhṄh + µcṄc. (3.19)

Notice that two new terms, dependent on the chemical potentials µ and the particle
fluxes Ṅ , also contribute to the system’s energy variation.

Taking into account the steady-state case again, dUs

dt
= dSs

dt
= 0, and due to

particle conservation, Ṅh = −Ṅc, we can rewrite equation (3.19) as:

Q̇h = −Q̇c + (µh − µc)Ṅh. (3.20)

Notice that only in the case where µh = µc do we obtain the condition Q̇h = −Q̇c.
Using equations (3.11) and (3.20), we can express the entropy production rate

as:
Σ̇ = Q̇c

(
1

Tc
− 1

Th

)
+ Ṅh

µh − µc

Tc
. (3.21)

In equation (3.21), if we consider equal chemical potentials, we recover the case
discussed above. On the other hand, if we assume equal temperatures Th = Tc, we
obtain the following relation:

Σ̇ = Ṅh
µh − µc

Tc
≥ 0, (3.22)

therefore, if µh > µc, we necessarily have that particles flow from the reservoir
with the higher chemical potential to the system, Ṅh > 0, and consequently, from
the system to the reservoir with the lower chemical potential, Ṅc < 0.

We can conclude that the existence of generalised forces, or thermodynamic
affinities, such as temperature and chemical potential gradients, drive the system
towards equilibrium, generating conjugate fluxes, such as heat and particle flows.
Entropy production, described as the sum of the products between these affinities
and the associated fluxes, as indicated in equation (3.21), is a direct reflection of
the departure from equilibrium. At equilibrium, the thermodynamic forces vanish,
leading to cessation of conjugate fluxes and, consequently, entropy production [54].
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This example illustrates the direct relationship between entropy production and
irreversibility and how they impose practical limitations on energy conversion ef-
ficiency. Entropy production emerges as a tool for quantifying irreversibility in
physical processes and connects the statements of the second law—Carnot, Kelvin-
Planck, and Clausius—within a unified framework. Whether by limiting the effi-
ciency of a heat engine, restricting the extraction of work from a single reservoir,
or imposing the natural direction of heat and particle flow, entropy production plays
a fundamental role in enforcing these fundamental restrictions.

3.3.2 Entropy and information

Beyond its fundamental importance in macroscopic systems, entropy plays a
crucial role in information theory. Shannon entropy is essential to describe a prob-
abilistic system, as it quantifies the amount of information it contains. Moreover,
this idea can be generalised to quantum systems, where von Neumann entropy ful-
fils this role. These approaches connect the statistical description of macroscopic
systems with the quantum foundations of information, expanding the scope of the
entropy concept.

Let us explore this connection by first presenting the classical formulation of
informational entropy and then extending it to the quantum domain, laying the
groundwork for a deeper understanding of its relationship with irreversibility and
entropy production.

Informational entropy

In the context of classical information theory, Shannon [56] introduced the con-
cept of informational entropy as a measure of the average information content asso-
ciated with the random emission of a source.

To better understand Shannon’s definition, consider a random variableX asso-
ciated with a source that can produce different outcomes xi, with probabilities pi.
The amount of information associated with a single event xi is defined as [57]:

I(xi) = − log2(pi). (3.23)

This quantity, I(xi), measures the surprise when observing the result of a random
experiment [57], that is, how much information is gained when measuring the
event. Note that a highly probable event (pi → 1) yields a small value of I(xi),
indicating little information or surprise, while an unlikely event (pi → 0) provides
a larger amount of information about the system. A certain event (pi = 1) does not
result in surprise or information, which means I(xi) = 0.
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Shannon then proposed quantifying the information contained in the random
variable X as a weighted average of the information associated with all possible
events. Shannon entropy is defined as [57, 58]:

H(X) = H(p1, · · · , pn) = −
∑
i

pi log2 pi. (3.24)

Shannon entropy represents the average amount of information contained in the
random variable X and can be understood as a measure of the uncertainty associ-
ated with the possible values ofX before observation, or the amount of information
acquired after knowing them [58]. Thus, for the case of a single event, the amount
of information is associated with the probability of the event occurring. For a source
with probabilities close to 1, the value of H(X) will be small. For unlikely events,
with probabilities close to zero, we obtain higher values of H(X)2.

It is possible to establish a connexion between the Shannon entropy, equation
(3.24), and the Boltzmann entropy, equation (3.4), through the concept of maximisa-
tion of entropy. To do this, let us examine which probability distributions maximise
expression (3.24) under conditions (i)

∑
i pi = 1 (probability normalisation) and

(ii)⟨U⟩ =
∑

i piEk (fixed average energy).
Using the method of Lagrange multipliers to maximise the functionalH(X) for

condition (i), we have:

L = −
∑
i

pi log pi + λ

(∑
i

pi − 1

)
, (3.25)

where λ is the Lagrange multiplier.
Differentiating L with respect to pi and λ, we obtain:

∂L
∂pi

= − log pi − 1 + λ = 0, (3.26)

∂L
∂λ

=
∑
i

pi − 1 = 0. (3.27)

We can then write:

log pi = λ− 1, (3.28)

which, when exponentiated3, becomes:

pi = eλ−1, (3.29)
2For events with zero probability pi = 0, it is assumed that 0 log2 0 ≡ 0.
3It is assumed that log x ≡ lnx
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thus, substituting (3.29) into (3.27), we obtain:∑
i

eλ−1 = 1, (3.30)

since eλ−1 is independent of i, we have
∑

i e
λ−1 = Neλ−1 = 1, where N is the

number of possible outcomes of the random variableX . Therefore, from (3.29) and
(3.30), we get:

pi =
1

N
. (3.31)

The probability distribution that maximises Shannon entropy under the con-
dition

∑
i pi = 1 is the equiprobable distribution (3.31). This result directly con-

nects to the definition of the Boltzmann entropy for systems in thermal equilib-
rium, where all accessible microstates are equally probable. In the context of ther-
modynamics, this maximisation characterises the microcanonical ensemble, which
describes isolated systems with fixed total energy and no energy exchange with the
environment. Thus, the conceptual connection between information theory and
statistical physics naturally emerges when maximising Shannon entropy.

Including restriction (ii), the Lagrange functional L takes the form:

L = −
∑
i

pi log pi + λ

(∑
i

pi − 1

)
+ β

(
⟨U⟩ −

∑
i

piEi

)
, (3.32)

where β is the Lagrange multiplier associated with the additional constraint.
The derivative of L with respect to pi in this case is:

∂L
∂pi

= − log pi − 1 + λ− βEi = 0. (3.33)

Rewriting:
log pi = λ− 1− βEi. (3.34)

Exponentiating both sides, we obtain:

pi = eλ−1e−βEi . (3.35)

Here, we can use the result obtained previously for the restriction (i): eλ−1 = 1
N
.

Thus, we have:
pi =

e−βEi

N
. (3.36)
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For comparison purposes, we can redefine the normalisation factor N by introduc-
ing Z as the canonical partition function:

Z =
∑
i

e−βEi . (3.37)

Therefore, the probability distribution that maximises H(X), considering con-
ditions (i) and (ii), is:

pi =
e−βEi

Z
. (3.38)

By associating β−1 = kbT , we can say that equation (3.38) represents the probability
distribution associated with microstates i in a system in contact with a reservoir at
temperature T [40].

By introducing the constraint of fixed average energy ⟨U⟩ =
∑

i piEi, max-
imisation of entropy leads to the canonical distribution (3.38). In this case, we con-
sider the canonical ensemble, which describes systems in thermal equilibriumwith a
reservoir at temperature T , allowing energy exchange [40]. These results highlight
the broad applicability of informational entropy by demonstrating its connection to
the foundations of statistical physics and its role in describing systems in thermal
equilibrium.

Substituting (3.38) into (3.24):

H(X) = −
∑
i

e−βEi

Z
log

e−βEi

Z
,

= −
∑
i

e−βEi

Z
(−βEk − logZ) ,

= β
∑
i

e−βEi

Z
Ei + logZ

∑
i

e−βEi

Z
. (3.39)

Identifying the average energy as ⟨U⟩ =
∑

i
e−βEi

Z
Ei and using the condition∑

i
e−βEi

Z
= 1, we obtain:

H(X) = β⟨U⟩+ logZ. (3.40)

which can be rewritten as:

−kbT logZ = ⟨U⟩ − kbTH(X). (3.41)

Notice that, up to constants and the base of the logarithm, equation (3.41) is similar
to the Helmholtz free energy expression, F = U − TS, where S is the thermody-
namic entropy. Therefore, equation (3.24) indeed possesses the characteristics of an
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entropy [59].

3.3.3 Quantum Entropy

In quantum mechanics, the lack of knowledge about the physical state of a sys-
tem is intrinsically related to the probabilistic description provided by the density
matrix ρ. Thus, we can consider the natural extension of quantifying the uncer-
tainty associated with the quantum state, using the ideas presented so far.

Taking into account a system represented by the density matrix ρ, which con-
tains information on the probabilities associated with each possible measurement
outcome, the entropy S(ρ) of the state is defined as [57, 58]:

S(ρ) = −Tr(ρ log ρ). (3.42)

Equation (3.42) is known as the von Neumann entropy or quantum entropy and quan-
tifies the degree of uncertainty or “lack of knowledge” about the system described
by the state ρ. Similarly to Shannon entropy, von Neumann entropy provides a mea-
sure of the average amount of information required to describe the system’s state,
but now adapted to the quantum context.

If the density operator can be expressed as a spectral decomposition, with pi
being the non-negative eigenvalues of ρ, satisfying

∑
i pi = 1, and {|i⟩} being the

associated orthonormal eigenvectors:

ρ =
∑
i

pi |i⟩⟨i| (3.43)

then von Neumann entropy reduces to:

S(ρ) = −Tr

(∑
i

pi |i⟩⟨i| log
∑
j

pj |j⟩⟨j|

)
. (3.44)

Since ρ is a diagonalmatrix, we obtain: log ρ = log
(∑

j pj |j⟩⟨j|
)
=
∑

j(log pj) |j⟩⟨j|.
Thus:

S(ρ) = −Tr

(∑
i

pi |i⟩⟨i|
∑
j

(log pj) |j⟩⟨j|

)
,

= −Tr

(∑
i,j

pi log pj |i⟩ ⟨i|j⟩ ⟨j|

)
. (3.45)
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Since the set {|i⟩} is necessarily orthonormal, we obtain:

S(ρ) = −Tr

(∑
i,j

pi log pj |i⟩⟨j| δij

)
,

= −Tr

(∑
i

pi log pi |i⟩⟨i|

)
,

= −

(∑
i

pi log pi ⟨i|i⟩

)
,

= −
∑
i

pi log pi. (3.46)

Therefore, von Neumann entropy reduces to Shannon entropy for systems repre-
sented by diagonal density matrices. These systems lack quantum coherence and
thus possess a purely classical probability distribution.

TheVonNeumann entropy is therefore broader than the Shannon entropy, which
is a particular case. Quantum entropy (3.42) accounts for both classical uncertainties
and quantum uncertainties present in the system [57].

3.3.4 Properties

Let us now examine some properties of von Neumann entropy. These properties
can be found in references [57, 58].

Property 1: Non-Negativity. Quantum entropy S(ρ) is non-negative for any
density operator ρ:

S(ρ) ≥ 0. (3.47)

Proof. Using the spectral decomposition of ρ, equation (3.43), we can express
von Neumann entropy as:

S(ρ) = −
∑
i

pi log pi.

The terms −pi log pi are non-negative for all i, since 0 ≤ pi ≤ 1, and therefore
log pi ≤ 0. Thus:

S(ρ) ≥ 0. (3.48)

The validity of this proof applies to any density operator ρ, regardless of whether
it exhibits coherence or not. This is because von Neumann entropy is entirely de-
termined by the eigenvalues of ρ, which remain invariant under basis transforma-
tions [58]. Off-diagonal terms do not affect the eigenvalues, and therefore, even if
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the state possesses coherence, the quantum entropy remains unchanged. Hence,
S(ρ) ≥ 0 is a general property of quantum entropy.

Property 2: Minimum Value. The minimum value of quantum entropy is zero,
and it occurs when the density operator represents a pure state.

Proof. Assuming pi = 1 and pj = 0, ∀j ̸= i in equation (3.46), we obtain:
S(ρ) = −1 log 1−

∑
i̸=j 0 log 0. Since, by convention, 0 log 0 ≡ 0, we get S(ρ) = 0

for the given pure state.
This aligns with the physical interpretation of quantum entropy: in a pure state,

the information gained from measuring the system is zero, as it is fully defined
without any statistical mixture.

Formally, this is related to the fact that the density matrix of pure states has rank
equal to 1, indicating that only one eigenvalue is nonzero.

Property 3: MaximumValue. Themaximum value of quantum entropy is log d,
where d is the system’s dimension. This value occurs for the maximumly mixed
state:

ρ =
I

d
. (3.49)

Proof. Considering the state (3.49), the eigenvalues of ρ are uniform and equally
probable: pi = 1

d
, ∀i. Substituting these values into the von Neumann entropy

expression (3.46), we obtain:

S(ρ) = −
d∑

i=1

1

d
log

1

d
,

= −d1
d
log

1

d
,

= − log
1

d
= log d. (3.50)

Therefore, the maximum quantum entropy value, log d, is reached for the max-
imally mixed state.

Unlike Property 2, where the absence of uncertainty leads to a minimum en-
tropy, here the entropy reaches its maximum value due to a complete lack of knowl-
edge about the state of the system. The maximally mixed state implies that all
probabilities associated with different eigenvalues are equal, similar to the micro-
canonical ensemble case presented in the previous section.

Property 4: Concavity. Let ρi ∈ D(H) and pi be the probability distribution
associated with ρi. Quantum entropy is concave in the density operator, meaning
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that:
S(ρ) ≥

∑
i

piS(ρi), (3.51)

where ρ =
∑

i piρi.
Proof. To prove (3.51), let us consider an auxiliary systemB, whose state space

has an orthonormal basis {|i⟩} in space HB , associated with the index i of the op-
erators ρi. The joint state ρAB , with ρA ≡

∑
i piρi ∈ HA, is given by:

ρAB =
∑

i piρi ⊗ |i⟩⟨i| . (3.52)

Calculating entropies S(ρA) and S(ρB):

S(ρA) = S

(∑
i

piρi

)
, (3.53)

and

S(ρB) = S

(∑
i

pi |i⟩⟨i|

)
= H(pi). (3.54)

Computing the joint entropy S(ρAB):

S(ρAB) = −Tr (ρAB log ρAB)

= −Tr

(∑
i

piρi ⊗ |i⟩⟨i| log

(∑
j

pjρj ⊗ |j⟩⟨j|

))
. (3.55)

which can be rewritten as:

S(ρAB) = −
∑
ij

piTr (ρi ⊗ |i⟩⟨i| log (pjρj ⊗ |j⟩⟨j|)) . (3.56)

Again, using the orthonormality of bases {|i⟩} and {|j⟩} to eliminate a summa-
tion:∑

ij

piTr (ρi ⊗ |i⟩⟨i| log (pjρj ⊗ |j⟩⟨j|)) =
∑
i

pi Tr (ρi ⊗ |i⟩⟨i| log (piρi ⊗ |i⟩⟨i|)) .

(3.57)
Thus, we obtain:

S(ρAB) = −
∑
i

pi Tr (ρi ⊗ |i⟩⟨i| log (piρi ⊗ |i⟩⟨i|)) , (3.58)



56 Chapter 3. Entropy Production

Using log(piρi ⊗ |i⟩⟨i|) = log(piρi)⊗ |i⟩⟨i|, we get

S(ρAB) = −
∑
i

pi Tr(ρi ⊗ |i⟩⟨i| (log pi + log ρi)⊗ |i⟩⟨i|),

= −
∑
i

pi [Tr(ρi ⊗ |i⟩⟨i| log pi ⊗ |i⟩⟨i|)

+ Tr(ρi ⊗ |i⟩⟨i| log ρi ⊗ |i⟩⟨i|)] . (3.59)

Using property Tr[(A⊗B)(C ⊗D)] = Tr(AC) Tr(BD), we obtain the following:

S(ρAB) = −
∑
i

pi [Tr(ρi log pi) Tr(|i⟩⟨i| |i⟩⟨i|) + Tr(ρi log ρi) Tr(|i⟩⟨i| |i⟩⟨i|)] ,

(3.60)
since Tr(|i⟩⟨i| |i⟩⟨i|) = 1 and Tr(ρi log pi) = log piTr(ρi) = log pi, we get:

S(ρAB) = −
∑
i

pi (log pi + Tr(ρi log ρi)) ,

= −
∑
i

pi log pi −
∑
i

pi Tr(ρi log ρi),

= H(pi) +
∑
i

piS(ρi). (3.61)

Substituting (3.53), (3.54), and (3.61) into the subadditivity property of entropy,
S(ρAB) ≤ S(ρA) + S(ρB), we obtain:

H(pi) +
∑
i

piS(ρi) ≤ S

(∑
i

piρi

)
+H(pi), (3.62)

which results in equation (3.51).
The expression (3.51) can be understood as a measure of the influence of the

additional uncertainty arising from the mixing. The inequality reflects that the un-
certainty about the mixed state ρ is not just a simple average of the uncertainties
of the component states ρi, but also includes the additional uncertainty associated
with the lack of knowledge about which state ρi was chosen in the mixture. This
extra uncertainty arises from the probability distribution pi and is related to the
ignorance about the index i [58].

Property 5: Isometric Invariance. Let ρ ∈ D(H) and U : H → H′ be isometry.
The quantum entropy is invariant under isometries, meaning that:

S(ρ) = S(UρU †). (3.63)
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Proof. The eigenvalues of a density operator are invariant under isometries.
We can write:

UρU † = U

(∑
i

pi |i⟩⟨i|

)
U †, (3.64)

=
∑
i

pi |ϕi⟩⟨ϕi| , (3.65)

where {|ϕi⟩} is an orthonormal basis such that U |i⟩ = |ϕi⟩. Thus, since entropy
depends only on the eigenvalues, it remains invariant under isometric transforma-
tions.

3.3.5 Quantum Relative Entropy and QuantumMutual Infor-
mation

In this section, we define two important quantities associated with quantum en-
tropy. However, before introducing these definitions, we first present the concepts
of kernel and support of an operator.

Kernel

The kernel of an operator is the subspace formed by its eigenvectors with zero
eigenvalues [58]. Given an operator A ∈ L(H,H′), where L(H,H′) is the space
of all linear operators mapping vectors from H to H′, the kernel of A, ker (A), is
defined as [57]:

ker(A) = {|ψ⟩ ∈ H | A |ψ⟩ = 0}, (3.66)

Thus, the kernel of the operator A is a subspace of the Hilbert space ker (A) ⊆ H.

Support

The support of an operator is the subspace formed by the operator’s eigenvectors
with nonzero eigenvalues [58]. Given an operator A ∈ L(H,H′), the support of A,
sup (A), is defined as [57]:

sup(A) = {|ψ⟩ ∈ H | ∃ |ϕ⟩ ∈ H with A |ϕ⟩ = |ψ⟩}. (3.67)

The support is also a subspace of the Hilbert space, sup (A) ⊆ H, and by defi-
nition it is orthogonal to its kernel [57]:

sup(A) = ker(A)⊥ = { |ψ⟩ ∈ H | ⟨ψ|ϕ⟩ = 0, ∀ |ϕ⟩ ∈ ker(A)} . (3.68)
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Thus, we can write: H = sup(A)⊕ ker(A).
Now, we are ready to define quantum relative entropy and quantum mutual in-

formation.

Quantum Relative Entropy

Given two states represented by the density matrices ρ ∈ H and σ ∈ H, the
relative quantum entropy of ρ with respect to σ is defined as [58]:

S(ρ ∥ σ) = Tr(ρ ln ρ)− Tr(ρ ln σ), (3.69)

provided that the condition
sup(ρ) ⊆ sup(σ), (3.70)

is satisfied. Otherwise, S(ρ ∥ σ) = +∞ [57].
Condition (3.70) ensures that the subspace of H where ρ acts non-trivially is

also "accessible" to σ. In other words, if ρ allows the possibility that the system
being in some state |ψ⟩, then σ must also allow this possibility. Otherwise, if ker(ρ)
has a non-trivial intersection with sup(σ)—that is, if there exists a state |χ⟩ with a
nonzero probability for ρ but a zero probability for σ—the term Tr(ρ ln σ)→ −∞,
leading to S(ρ ∥ σ) → +∞. Therefore, condition (3.70) ensures that S(ρ ∥ σ) is
well-defined and finite [57, 58].

The quantum relative entropy is non-negative4, and it equals zero only when
ρ = σ. Moreover, it is not a symmetric quantity and does not satisfy the triangle
inequality. Thus, it cannot be considered a true metric in the strict mathematical
sense. However, it can be interpreted as a measure of "distinction" between two
density matrices in the state space [54].

Quantum Mutual Information

Consider two subsystems A and B, described by the density operators ρA and
ρB , respectively. The quantum mutual information between A and B, denoted by
IρAB

(A : B), is defined as [54, 58]:

IρAB
(A : B) = S(ρA) + S(ρB)− S(ρAB) = S(ρAB ∥ ρA ⊗ ρB), (3.71)

where S(ρ) = −Tr(ρ ln ρ) is the von Neumann entropy and S(ρAB ∥ ρA ⊗ ρB) is
the relative quantum entropy between ρAB and the state of the product ρA ⊗ ρB .

Thus, IρAB
(A : B) quantifies the information shared between parts of the sys-

tem, which is lost when the bipartite system is separated or when access to one of
4S(ρ ∥ σ) ≥ 0, also known as Klein’s inequality [58].
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its parts is removed [58]. Therefore, it also serves as a measure of both classical and
quantum correlations existing between the two parts of the system [57].

3.3.6 Entropy Production in Quantum Dynamics

We will continue our discussion by analysing entropy production in the context
of dynamic quantum systems. To this end, we will discuss the approach presented
in [11], which considers systems strongly coupled to finite reservoirs. This ap-
proach is of great importance in understanding entropy production in this context,
as it relates irreversibility to system-reservoir correlations that develop during the
dynamics of the composite system.

In addition to being consistent with the second law of thermodynamics, the
formulation in [11] provides a deeper understanding of irreversibility in out-of-
equilibrium systems.

To derive the results from [11], let us consider a system S, represented by the
state ρs(t), in contact withN finite thermal reservoirs r, described by ρr(t). Initially,
we assume that the reservoirs are in thermal states:

ρr(0) = ρthr =
exp (−βrHr)

Zr

, (3.72)

where Hr is the Hamiltonian, βr = 1
Tr

is the inverse temperature, and Zr is the
canonical partition function, all referring to the reservoir. We assume that Hr is
time-independent.

The system and the reservoirs are coupled at time t = 0, and the initial density
operator of the composite system can be written as:

ρ(0) = ρs(0)
∏
r

ρr(0). (3.73)

This coupling occurs due to the activation of an interaction potential V (t) between
the system and the reservoirs. Initially, we assume that the system and the reser-
voirs do not share any correlations (classical or quantum), allowing us towrite equa-
tion (3.73). The correlations develop during the evolution of the composite system
ρ(t), which follows the Liouville equation for the total Hamiltonian [11]:

H(t) = Hs(t) +
∑
r

Hr + V (t). (3.74)

Our interest lies in the evolution of the system and in the characterisation of the
irreversibility of this process. Therefore, let us consider the entropy of the system



60 Chapter 3. Entropy Production

S(ρs(t)):
S(ρs(t)) = −Trs ρs(t) log ρs(t), (3.75)

where ρs(t) = Trr ρ(t) is the reduced state.
It is important to note that the evolution of the composite system ρ(t) = Uρ(0)U †

does not modify the entropy due to the unitarity of the process, given Property 5,
which means that S(ρ(0)) = S(ρ(t)). However, when considering only the evolu-
tion of the system, which behaves as an open system, we can no longer assume that
the process is unitary. As a result, we expect that S(ρs(t)) ̸= S(ρs(0)) [11].

Thus, we can understand that disregarding the degrees of freedom of the envi-
ronment ensures the irreversibility of the process [54].

Starting from the invariance of the entropy of the composite system:

S(ρ(t)) = S(ρ(0)),

−Tr(ρ(t) log ρ(t)) = −Tr(ρ(0) log ρ(0)), (3.76)

considering that the system and the reservoir are initially decoupled (3.73) and that
the initial states of the reservoirs are given by (3.72), we obtain:

−Tr(ρ(t) log ρ(t)) = −Tr(ρs(0) log ρs(0))−
∑
r

Tr
(
ρthr log ρthr

)
, (3.77)

which can be rewritten as:

Tr(ρ(t) log ρ(t))−
∑
r

Tr
(
ρthr log ρthr

)
= Tr(ρs(0) log ρs(0)) = −S(ρs(0)). (3.78)

Since the entropy variation of the system is given by ∆S(ρs) = S(ρs(t)) −
S(ρs(0)), using (3.78), we have:

∆S(ρs) = −Trs(ρs(t) log ρs(t)) + Tr(ρ(t) log ρ(t))−
∑
r

Trr(ρ
th
r log ρthr ), (3.79)

Since Trs[ρs(t) log ρs(t)] = Trs[Trr(ρ(t)) log ρs(t)] = Tr[ρ(t) log ρs(t)], we obtain:

∆S(ρs) = −Tr(ρ(t) log ρs(t)) + Tr(ρ(t) log ρ(t))−
∑
r

Trr(ρ
th
r log ρthr ). (3.80)
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Considering the equality5

−Tr(ρ(t) log ρs(t)) = −Tr

(
ρ(t) log

[
ρs(t)

∏
r

ρthr

])
+
∑
r

Trr(ρr(t) log ρ
th
r ),

(3.81)
we can rewrite (3.80) as:

∆S(ρs) = − Tr

(
ρ(t) log

[
ρs(t)

∏
r

ρthr

])
+
∑
r

Trr(ρr(t) log ρ
th
r )

+ Tr(ρ(t) log ρ(t))−
∑
r

Trr(ρ
th
r log ρthr ),

= − Tr

(
ρ(t) log

[
ρs(t)

∏
r

ρthr

])
+ Tr(ρ(t) log ρ(t))

+
∑
r

Tr
[
ρr(t)− ρthr

]
log ρthr . (3.82)

Equation (3.82) can be rewritten as a sum of two independent contributions to
the variation of the system’s entropy. The first contribution is due to the reversible
heat flux:

∆eS(ρs) =
∑
r

Tr
[
ρr(t)− ρthr

]
log ρthr ,

=
∑
r

Tr
(
ρr(t) log ρ

th
r

)
−
∑
r

Tr
(
ρthr log ρthr

)
. (3.83)

Since ρthr = e−βrHr

Zr
, we have:

log ρthr = −βrHr − logZr. (3.84)

Thus, equation (3.83) becomes:

∆eS(ρs) =
∑
r

Tr [ρr(t) (−βrHr − logZr)]−
∑
r

Tr
[
ρthr (−βrHr − logZr)

]
.

Rewriting,

∆eS(ρs) =
∑
r

βr
(
Tr
[
ρthr Hr

]
− Tr [ρr(t)Hr]

)
+
∑
r

logZr

(
Tr ρthr − Tr ρr(t)

)
.

5To verify this equality, write Tr
(
ρ(t) log

[
ρs(t)

∏
r ρ

th
r

])
= Tr(ρ(t) log ρs(t)) +∑

r Tr
(
ρ(t) log ρthr

)
and use the property Tr

(
ρ(t) log ρthr

)
= Trr(ρr(t) log ρ

th
r ).
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Since Tr ρr(t) = Tr ρthr = 1, due to the normalisation of the density matrices and
using the definition of expectation values ⟨A⟩t = Tr[ρ(t)A], we obtain:

∆eS(ρs) =
∑
r

βr (⟨Hr⟩0 − ⟨Hr⟩t) ,

=
∑
r

βrQr(t), (3.85)

where Qr(t) ≡ ⟨Hr⟩0 − ⟨Hr⟩t.
Equation (3.85) relates the entropy flux to the exchange of energy (heat) between

the system and the reservoirs. Note the similarity to the heat exchange term in the
expression of classical entropy production (3.6).

The second contribution to the system’s entropy variation is given by:

∆iS(ρs) = −Tr

(
ρ(t) log

[
ρs(t)

∏
r

ρthr

])
+ Tr(ρ(t) log ρ(t)),

= S

(
ρ(t) ∥ ρs(t)

∏
r

ρthr

)
≡ Σ, (3.86)

The term represented by (3.86) is associated with the irreversibility of the process
in the system’s transformation. Noting that, due to the semi-positivity of relative
entropy, we have Σ ≥ 0, with equality only when the system and reservoirs are
completely uncorrelated at time t. We can interpret the system’s entropy production
Σ as a measure of how far the joint system state, ρ(t), is from the uncorrelated state
ρs(t)

∏
r ρ

th
r [11]6.

Thus, the entropy variation of the system is written as:

∆S(ρs(t)) = Σ +
∑
r

βrQr(t), (3.87)

which provides the thermodynamic relation for the entropy variation of a quan-
tum system evolving out of equilibrium. Moreover, the construction presented here
gives us an expression for entropy production, equation (3.86), arising from the
evolution of a quantum system in contact with finite reservoirs under strong cou-
pling [11].

Again, it is worth emphasising the similarity with the case discussed at the be-
ginning of this chapter. We note that both in (3.6) and (3.87), the entropy variation
in the system is expressed in terms of a contribution associated with a reversible
process: energy exchange between the system and the reservoirs, and a contribu-
tion associated with an irreversible process: the deviation of the current system

6Relate to Mutual Information
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state ρ(t) from the initial uncorrelated state in the quantum case.

Entropy and Correlation

We may ask ourselves what the origin of entropy production is in the context
presented above. To discuss this point, we note that the sum of the entropies of
the reservoirs and the system does not result in the total entropy, i.e. S(ρs(t)) +∑

r S(ρr(t)) ̸= S(ρ(t)). Equality is only obtained when we consider the entropic
contribution due to the correlations created during the system’s evolution, Sc(t),
taking the form:

S(ρ(t)) = S(ρs(t)) +
∑
r

S(ρr(t)) + Sc(t), (3.88)

Recalling that the system and the reservoir are initially uncorrelated, we have
Sc(0) = 0.

Since the total system entropy is given by S(ρ(t)) = −Tr(ρ(t) log ρ(t)), we can
rewrite (3.88) from the perspective of the entropy associated with correlation:

Sc(t) = −Tr(ρ(t) log ρ(t))− S(ρs(t))−
∑
r

S(ρr(t)). (3.89)

To continue our analysis, let us considerS (ρ(t) ∥ ρs(t)
∏

r ρr(t)) = Tr (ρ(t) log ρ(t))−
Tr (ρ(t) log ρs(t)

∏
r ρr(t)), which can be rewritten as7:

S

(
ρ(t) ∥ ρs(t)

∏
r

ρr(t)

)
=

= Tr(ρ(t) log ρ(t))− Tr(ρ(t) log ρs(t))−
∑
r

Tr(ρ(t) log ρr(t)),

= Tr(ρ(t) log ρ(t))− Trs(ρs(t) log ρs(t))−
∑
r

Trr(ρr(t) log ρr(t)). (3.90)

Since S(ρs(t)) = −Trs ρs(t) log ρs(t)) and S(ρr(t)) = −Trr ρr(t) log ρr(t)),
we obtain:

S

(
ρ(t) ∥ ρs(t)

∏
r

ρr(t)

)
= Tr ρ(t) log ρ(t) + S(ρs(t)) +

∑
r

S(ρr(t)),

7Here, we use the property Trab ρab(t) = Tra(Trb ρab(t)) and the fact that Trs ρ(t) = ρr(t) and
Trr ρ(t) = ρs(t).
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Compared with (3.89), we arrive at the following:

S

(
ρ(t) ∥ ρs(t)

∏
r

ρr(t)

)
= −Sc(t). (3.91)

Since S (ρ(t) ∥ ρs(t)
∏

r ρr(t)) ≥ 0, the entropy contained in the correlation is
strictly non-positive, Sc(t) ≤ 0 [11], and can be directly associated with entropy
production by equation (3.86) in the thermodynamic limit, where we have ρr(t) =
ρthr :

−Sc(t) = Σ. (3.92)

Equation (3.92) can be interpreted as follows: the correlation entropy is the neg-
ative of the entropy production in the system when we approximate the reservoirs
as ideal reservoirs in the Gibbs state ρthr [11].

In addition, we can consider the variations in entropy in the system. Starting
from (3.88), we obtain:

∆S(ρ(t)) = ∆S(ρs(t)) +
∑
r

∆S(ρr(t)) + ∆Sc(t). (3.93)

Since total entropy is invariant under unitary transformation, ∆S(ρ(t)) = 0 (see
Property 5 – subsection 3.3.4), and given that Sc(0) = 0 ensures ∆Sc(t) = Sc(t),
we can write:

Sc(t) = −∆S(ρs(t))−
∑
r

∆S(ρr(t)), (3.94)

In the thermodynamic limit, ∆S(ρs(t)) can be written in the form of (3.87),
resulting in:

Sc(t) = −Σ−
∑
r

βrQr −
∑
r

∆Sr(t),

Σ + Sc(t) = −
∑
r

βrQr −
∑
r

∆Sr(t), (3.95)
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Using equations (3.86) and (3.91), we can rewrite:

Σ + Sc(t) = S

(
ρ(t) ∥ ρs(t)

∏
r

ρthr

)
− S

(
ρ(t) ∥ ρs(t)

∏
r

ρr(t)

)
,

= −Tr

(
ρ(t) log ρs(t)

∏
r

ρthr

)
+ Tr

(
ρ(t) log ρs(t)

∏
r

ρr(t)

)
,

= −
∑
r

Trr(ρr(t) log ρ
th
r ) +

∑
r

Trr(ρr(t) log ρr(t)),

=
∑
r

S
(
ρr(t) ∥ ρthr

)
. (3.96)

Therefore, from (3.95) and (3.96), we obtain:

Σ + Sc(t) = −
∑
r

βrQr −
∑
r

∆Sr(t) =
∑
r

S
(
ρr(t) ∥ ρthr

)
≥ 0 (3.97)

since relative entropy is always non-negative.
The result presented by [11] is highly relevant to the study of entropy produc-

tion, as it is obtained without requiring restrictions on finite systems or weak cou-
pling. The relationship between Σ and system-reservoir correlations provides a
unified perspective on irreversibility in quantum systems, emerging from the pro-
cess to which the system is subject.

The general expression for entropy production (3.86) respects the second law of
thermodynamics and enables a connection between microscopic and macroscopic
regimes, as it is based on correlations created between the system and the reservoir
and, under certain approximations, recovers macroscopic results.

Interpreting it as a measure of the deviation of the current state from the evolved
uncorrelated state is essential for studying non-equilibrium systems. This formu-
lation provides a solid foundation for investigating strongly coupled systems and
finite reservoirs within the context of quantum thermodynamics.

Landauer’s Principle

Landauer’s principle is a key practical example of the connection between ther-
modynamics and information. Initially proposed in the classical context, based on
Clausius’ inequality (3.1), it provides a bound linking the heat absorbed by a thermal
reservoir to the entropy change of a system in contact with it [54]. For a system in
contact with a single reservoir, this inequality takes the form:

Q ≥ −T∆Ss, (3.98)
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which establishes a lower bound for the heat Q absorbed by the reservoir in a pro-
cess where the entropy of the system changes by ∆Ss. The fact that this erasure
occurs because of the system-reservoir interaction makes the process inherently
irreversible, resulting in entropy production associated with the operation.

This relation, proposed by Landauer, can be stated in two different ways [58]:

“Suppose a computer erases a single bit of information. The amount
of energy dissipated into the environment is at least kBT ln 2, where
kB is a universal constant known as Boltzmann’s constant, and T is the
temperature of the environment of the computer.”

which considers the energy cost of information erasure, and:

“Suppose a computer erases a single bit of information. The entropy of
the environment increases by at least kB ln 2, where kB is Boltzmann’s
constant.”

which describes the increase in entropy in the reservoir.
Thus, Landauer’s principle states that the logical erasure of a bit of information

in a physical system requires the dissipation of a minimum amount of energy as
heat into a thermal reservoir. This dissipation can also be interpreted as an increase
in the entropy of the reservoir as a result of the heat transfer from the system.

This minimum energy is given by [58]:

Q ≥ kBT ln 2, (3.99)

whereQ is the minimum heat dissipated in the process, kB is Boltzmann’s constant,
and T is the reservoir temperature.

Notably, the required heat dissipation and consequent entropy production imply
that the process involved is irreversible. Thus, information erasure in a system is
an irreversible process governed by the entropy production rules discussed above.
In this sense, Landauer’s principle can be understood as a direct consequence of the
second law in the form Σ = Q

T
+∆Ss [58].

However, despite its initial formulation in terms of classical thermodynamics,
Landauer’s principle is general and applies to both classical and quantum systems.
The only distinction is that, in the classical case, the entropy involved in the process
is the system’s thermodynamic entropy, whereas in quantum processes, it is the
informational entropy [54].

The fact that entropy production can be generalised in the form (3.87), as pro-
posed by [11], ensures that Landauer’s principle is also a consequence of the second
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law in the quantum context. Starting from (3.87), we can write [54]:

Σ = ∆S(ρs(t)) +
∑
r

βrQr(t). (3.100)

Since the second law of thermodynamics (Σ ≥ 0) holds for this form of entropy
production, we obtain:

∆S(ρs(t)) +
∑
r

βrQr(t) ≥ 0,

∆S(ρs(t)) + βQ(t) ≥ 0, (3.101)

which, considering a single reservoir, results in an expression analogous to the “clas-
sical” Landauer’s principle, equation (3.98):

Q(t) ≥ T∆S(ρs(t)), (3.102)

where ∆S(ρs(t)) represents the change in the quantum entropy of the system.
Thus, Landauer’s principle can be derived from the entropy production frame-

work introduced in [11], making it a direct consequence of the second law of ther-
modynamics. Furthermore, obtaining this relation emphasises that the irreversibil-
ity of the information erasure process is intrinsically linked to the interaction be-
tween the system and the thermal reservoir. The heat dissipation involved in this
interaction not only ensures the validity of the second law of thermodynamics but
also establishes the entropy production as a direct measure of this irreversibility.

In essence, irreversibility arises from the dynamic correlations established be-
tween the system and the reservoir, reinforcing the central role of entropy produc-
tion in the thermodynamic description of non-equilibrium systems [54].

3.3.7 Nonequilibrium Entropy Production for Driven Quan-
tum Systems

In this section, we derive a microscopic expression for the nonequilibriummean
entropy production of an open driven system weakly coupled to a single reser-
voir. In addition, we discuss specific cases derived from the general expression. The
derivation presented here is based on [60].

Consider a system with a time-dependent Hamiltonian H(t), driven by an ex-
ternal parameter over a finite time interval τ . The system is weakly coupled to a
single infinitely large reservoir with which it can exchange energy in the form of
heat.
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Moreover, the system’s initial and final states are not thermally in equilibrium
with the reservoir. However, they are in local thermal equilibrium at inverse tem-
peratures βi and βf , respectively, allowing us to define thermodynamic quantities.
It is important to note that the system does not need to remain near equilibrium
throughout the process.

Let us analyse how the system’s entropy changes during this process. The as-
sumption of local equilibrium at both the initial and final times allows us to define
entropy and internal energy at these instants, and consequently their variations.

The change in system entropy is given by:

∆S(ρs(t)) = ⟨Σ⟩+ β⟨Q⟩, (3.103)

while the variation of internal energy is given by [60]:

∆U = ⟨W ⟩+ ⟨Q⟩, (3.104)

where ⟨W ⟩ is the work performed on the system by an external agent.
Note that equation (3.103) is exactly the same as (3.87), in the case where the

system is coupled to a single reservoir at inverse temperature β.8

From (3.103) and (3.104), we obtain:

⟨Σ⟩ = ∆Ss − β⟨Q⟩

= ∆Ss − β∆U + β⟨W ⟩. (3.105)

The initial and final states of the system are given by the density operators ρi
and ρf :

ρi =
e−βiH0

Zi

, (3.106)

ρf =
e−βfHτ

Zf

, (3.107)

whereH0 andHτ are the Hamiltonians at times t = 0 and t = τ , and Zi and Zf are
the initial and final partition functions, respectively.

Using these expressions, we can compute the three terms in equation (3.105).
Beginning with the entropy change ∆Ss = Sf − Si, and using equation (3.42), we
obtain:

∆Ss = −Tr(ρf ln ρf ) + Tr(ρi ln ρi). (3.108)
8The transition to expectation values is justified by fluctuation theorems, which ensure the valid-

ity of thermodynamic laws in an average sense, even outside equilibrium; These theorems guarantee
that ⟨Σ⟩ ≥ 0 and that the mean heat flows ⟨Q⟩ obey thermodynamic constraints.
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The second term in (3.105), associated with the internal energy variation, can
be written as:

β∆U = β(Uf − Ui)

= Tr(ρfβHτ )− Tr(ρiβH0), (3.109)

wherewe have used the definition ofmean energy for a given state: Un = Tr(ρnHn) [60].
Now, consider two states in thermal equilibrium with the reservoir: ρth0 = e−βH0

Z0

is the initial state in thermal equilibrium with the reservoir at inverse temperature
β, and ρthτ = e−βHτ

Zτ
is the final state under the same condition. Here, Z0(τ) is the

partition function of the system in its initial (final) state. These are the relaxed states
corresponding to the initial and final states in local equilibrium —i.e., the states that
would be reached if ρi and ρf were allowed to fully equilibrate with the reservoir.

From ρth0 and ρthτ , we obtain the relations:

ln ρth0 = ln

(
e−βH0

Z0

)
,

ln ρth0 = −βH0 − lnZ0,

βH0 = − ln ρth0 − lnZ0, (3.110)

and

ln ρthτ = ln

(
e−βHτ

Zτ

)
,

ln ρthτ = −βHτ − lnZτ ,

βHτ = − ln ρthτ − lnZτ . (3.111)

Substituting equations (3.110) and (3.111) into (3.109), we obtain:

β∆U = Tr
[
ρf (− ln ρthτ − lnZτ )

]
− Tr

[
ρi(− ln ρth0 − lnZ0)

]
,

= −Tr
(
ρf ln ρ

th
τ

)
− Tr(ρf lnZτ ) + Tr

(
ρi ln ρ

th
0

)
+ Tr(ρi lnZ0),

= Tr
(
ρi ln ρ

th
0

)
− Tr

(
ρf ln ρ

th
τ

)
+ lnZ0Tr(ρi)− lnZτ Tr(ρf ),

= Tr
(
ρi ln ρ

th
0

)
− Tr

(
ρf ln ρ

th
τ

)
+ lnZ0 − lnZτ , (3.112)

where we used the normalisation of the density operators, Tr(ρi,f ) = 1.
Finally, to obtain the term related to work, we use the definition:

⟨W ⟩ =
∫ τ

0

Tr(ρt∂tHt)dt, (3.113)
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which relates the average work to the time-dependent expectation value of the sys-
tem’s Hamiltonian variation [60]. This definition was originally proposed in [61].

Note that we are now dealing with the instantaneous state of the system at an
arbitrary time during the process. Thus, it is necessary to define an instantaneous
equilibrium state associated with ρt:

ρtht =
e−βHt

Zt

, (3.114)

where Ht and Zt are the Hamiltonian and the partition function at time t, and β is
the inverse temperature of the reservoir.

From (3.114), we obtain Ht:

ln ρtht = ln

(
e−βHt

Zt

)
ln ρtht = −βHt − lnZt

βHt = − ln ρtht − lnZt. (3.115)

Taking the time derivative of (3.115):

β∂tHt = −∂t ln ρtht − ∂t lnZt. (3.116)

Using (3.113) and (3.116), we obtain:

β⟨W ⟩ = β

∫ τ

0

Tr(ρt∂tHt)dt,

=

∫ τ

0

Tr
[
ρt(−∂t ln ρtht − ∂t lnZt)

]
dt,

= −
∫ τ

0

Tr
(
ρt∂t ln ρ

th
t

)
dt−

∫ τ

0

Tr(ρt∂t lnZt)dt. (3.117)

Since
∫ τ

0
Tr(ρt∂t lnZt)dt =

∫ τ

0
Tr(ρt)∂t lnZtdt = lnZt|τ0 , we obtain:

β⟨W ⟩ = −
∫ τ

0

Tr
(
ρt∂t ln ρ

th
t

)
dt− lnZτ + lnZ0. (3.118)

Finally, combining equations (3.108), (3.112), and (3.118), we obtain from (3.105):

⟨Σ⟩ = Tr(ρi ln ρi)− Tr
(
ρi ln ρ

th
0

)
− [Tr(ρf ln ρf )− Tr

(
ρf ln ρ

th
τ

)
]−
∫ τ

0

Tr
(
ρt∂t ln ρ

th
t

)
dt

⟨Σ⟩ = S(ρi ∥ ρth0 )− S(ρf ∥ ρthτ )−
∫ τ

0

Tr
(
ρt∂t ln ρ

th
t

)
dt. (3.119)

Equation (3.119) provides the exact form of the entropy production in a quantum
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system weakly coupled to a single thermal reservoir, subjected to an arbitrarily out-
of-equilibrium process [60].

For the above derivation, we started from arbitrary states ρi and ρf , requiring
only that they were in local equilibrium so that we could define thermodynamic
quantities. We then defined equivalent thermal equilibrium states ρth0 and ρthτ to
evaluate the out-of-equilibrium evolution based on the equilibrium evolution. We
also introduced an instantaneous equilibrium state ρtht associated with the state of
the system at any time during the evolution process. Figure 3.1 provides a schematic
representation of how we treated evolution.

Figure 3.1: The figure shows a schematic representation of the equilibrium evolution
between the states ρth0 and ρthτ (blue line) and the out-of-equilibrium evolution between
the states ρ0 and ρτ (dashed red line). Additionally, the three stages contributing to the
entropy production given by (3.119) are highlighted. Figure based on reference [60].

From a practical perspective, equation (3.119) describes the entropy production
in the considered process as the sum of the entropy productions in the three stages
shown in Figure 3.1:

(I) Initial Entropy Production: In this stage, the system transitions from
the arbitrary initial state ρi to the equivalent thermal state ρth0 , in equilibrium
with the reservoir. This process generates the entropy production described
by the relative entropy between the two states:

S(ρi ∥ ρth0 ) = Tr(ρi ln ρi)− Tr
(
ρi ln ρ

th
0

)
. (3.120)

This term represents the entropic cost of adjusting the initial system ρi to the
corresponding thermal state ρth0 [60].

(II) Out-of-Equilibrium Evolution: Once in the initial thermal state ρth0 ,
the system evolves under an arbitrary external protocol while remaining in



72 Chapter 3. Entropy Production

local equilibrium with the reservoir at all times t. The entropy production in
this stage accumulates continuously and is described by the integral term:

−
∫ τ

0

Tr
(
ρt∂t ln ρ

th
t

)
dt, (3.121)

which measures the "displacement" of the instantaneous thermal state ρtht
over time.

This stage captures the contribution of irreversibility associated with the evo-
lution process itself, and its magnitude depends on how the system is manip-
ulated during the protocol.

(III) Final Entropy Production: Finally, the system transitions from the
final thermal state ρthτ back to the arbitrary final state ρf . As in the first
stage, this transition generates entropy production described by the relative
entropy:

S(ρf ∥ ρthτ ) = Tr(ρf ln ρf )− Tr
(
ρf ln ρ

th
τ

)
. (3.122)

This term reflects the entropic cost of adjusting the system to the final arbi-
trary state ρf [60].

The total entropy production is given by these three contributions, indepen-
dent of reservoir details, and is valid for arbitrarily out-of-equilibrium intermediate
states.

Some considerations, which wewill brieflymention, can bemade to simplify the
expression (3.119). For example, assuming a process in which the system undergoes
only relaxation, without performing the work (∂tHt = 0), reduces the production
of entropies to the term associated with stage (I). Alternatively, considering that
the system initially starts in the thermal state ρi = ρth0 and ends in equilibrium with
the reservoir, ρf = ρthτ , results in the production of entropy coming only from the
stage (II)9.

Next, we discuss the case used in our work: a closed system starting from the
thermal state.

3.3.8 Closed System

An important constraint will be of great utility for the development of our work.
We will consider a closed system, initially in a thermal state ρi = ρth0 . Since it is

9For more details on these considerations, refer to [60].
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closed, the system does not exchange energy as heat with the environment, im-
plying that the production of entropy is exclusively due to the irreversibility asso-
ciated with the internal transformations of the system. Additionally, the system’s
evolution will be described by unitary dynamics, ensuring the conservation of von
Neumann entropy, ∂tS(ρt) = 0. Thus, any observed change in entropy or system
dynamics will be attributed exclusively to changes in the internal state rather than
dissipative external interactions [60].

As a consequence of this consideration, equation (3.119) simplifies to:

⟨Σ⟩ = −
∫ τ

0

Tr
(
ρt∂t ln ρ

th
t

)
dt (3.123)

which represents the entropy production associated with stage (II) of the general
process presented in Figure 3.1. However, the unitarity of the dynamics allows us
to rewrite this equation. Taking the time derivative ∂tS(ρt ∥ ρthτ ):

∂tS(ρt ∥ ρthτ ) = ∂t Tr(ρt ln ρt)− ∂t Tr
(
ρt ln ρ

th
t

)
. (3.124)

Noting that the first term is precisely the time variation of von Neumann entropy,
which is zero, we can rewrite:

∂tS(ρt ∥ ρthτ ) = −∂t Tr
(
ρt ln ρ

th
t

)
,

= −Tr
[
∂t(ρt ln ρ

th
t )
]
,

= −Tr
[
∂t(ρt) ln ρ

th
t + ρt∂t(ln ρ

th
t )
]
,

= −Tr
(
ρt∂t ln ρ

th
t

)
. (3.125)

Substituting (3.125) into (3.123), we obtain:

⟨Σ⟩ =

∫ τ

0

∂tS(ρt ∥ ρtht )dt = S(ρt ∥ ρtht )|τ0,

= S(ρτ ∥ ρthτ )− S(ρ0 ∥ ρth0 ). (3.126)

Since we assumed the system is initially in the thermal state, the second term on
the right-hand side vanishes, leaving:

⟨Σ⟩ = S(ρτ ∥ ρthτ ) ≥ 0. (3.127)

Equation (3.127) demonstrates that, for a closed system undergoing unitary dy-
namics, the production of entropy is determined exclusively by the relative entropy
between the final arbitrary state ρτ and the equivalent thermal state ρthτ . This re-
flects the irreversibility associated with the internal transformations of the system.
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Chapter 4

Asymmetry on Quantum States

The study of asymmetry in quantum systems is motivated by the fact that phys-
ical dynamics are often constrained by underlying symmetries. For instance, sym-
metry under time translations imposes constraints on the energy of the system,
while rotational symmetry implies conservation of angular momentum. The asym-
metry then quantifies the degree to which a state breaks such symmetries and pro-
vides insight into the possible transformations allowed under symmetric dynam-
ics [20].

The goal of this chapter is to explore the concept of asymmetry in quantum
systems. We begin with a brief discussion of symmetric transformations and their
role in defining invariance under a given symmetry group. Next, we address the
informational perspective, where asymmetry is regarded as a resource that enables
tasks such as parameter estimation and the establishment of quantum reference
frames. Finally, we introduce quantitative measures of asymmetry, which will serve
as the main tools for analyzing dynamical symmetry breaking and restoration in the
subsequent chapters of this thesis.

4.1 Symmetry Transformations

Consider a physical system evolving under some dynamics. Initially, the sys-
tem may display certain symmetry properties, such as invariance under rotations
around a given axis, parity transformations, or time translations. Transformations
can then be applied to this system, which may preserve or break those properties.

Symmetry transformations can be understood as maps that take physical states
in the Hilbert space to other states within the same space, preserving the relevant
structural features, such as the preservation of the inner product, the physical struc-
ture of observables, and the structure of the state space. These maps satisfy prop-
erties such as associativity, the existence of an identity transformation, and invert-
ibility. As a consequence, the mathematical framework underlying the description
of symmetries is group theory [62].
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The action of any symmetry transformation is represented by a unitary operator
acting on the Hilbert space of the system, and thus such transformations cannot
affect the physical properties of the system [63].

An important consequence of this invariance is that, in the absence of an ex-
ternal reference frame1, states connected by symmetry transformations are opera-
tionally indistinguishable. This means that noG-covariant operation, which will be
introduced later in this section, can distinguish between a state and its symmetry-
transformed versions. In other words, applying a symmetry transformation to the
system does not change any physically accessible property. The ability to distin-
guish between these states would require access to an external reference frame.

The set of symmetry transformations of a physical object forms a group, which
must satisfy the following axioms [63, 65]:

• Closure: the composition of two symmetry transformations is itself a sym-
metry transformation of the system.

• Associativity: the composition of transformations is associative, reflecting
the associativity of the underlying maps acting on the state space.

• Identity: the group contains the identity transformation, which leaves the
system unchanged.

• Inverse: every transformation has an inverse that also preserves the system’s
symmetry.

In this sense, a symmetry transformation is represented by a map that takes a
state into another state within the same invariant subspace. Thus, the algebraic
structure of a group provides the natural language to characterise invariance and
symmetry in physical systems.

Next, we introduce the formal mathematical definition of a group, its unitary
representations, and the notion of operations that remain invariant under a given
symmetry. In addition, we introduce some examples of symmetry groups that will
be particularly relevant to the discussions developed throughout this work.

1A reference frame is a physical system that provides a standard for interpreting relational quan-
tities such as orientation, phase, or time. Since absolute directions or phases have no operational
meaning, states related by symmetry transformations (e.g., rotations) become indistinguishable in
the absence of such a system. A reference frame therefore enables the preparation, comparison, and
measurement of asymmetric states, making it possible to distinguish states within a group orbit. For
a detailed discussion of quantum reference frames and their role in symmetry and information, refer
to [64].
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4.1.1 Group of symmetry

Let’s us define formally group, element of a group and how these elements act
in a state of the system.

Definition 1 (Group G). A set G, together with a binary operation ∗, is said to form
a group if its elements g ∈ G satisfy the following properties [66, 67]:

1. Closure: For all gi, gj ∈ G,

gi ∗ gj = gk, gk ∈ G. (4.1)

2. Associativity: For all gi, gj, gk ∈ G,

(gi ∗ gj) ∗ gk = gi ∗ (gj ∗ gk). (4.2)

3. Identity: There exists an element e ∈ G such that for all g ∈ G,

e ∗ g = g ∗ e = g. (4.3)

4. Inverse: For each g ∈ G, there exists an element g−1 ∈ G such that

g−1 ∗ g = g ∗ g−1 = e. (4.4)

In the context of physical systems, a general symmetry is described by a group
whose elements are associated with symmetry transformations. These elements act
bymapping a state ρ to another stateUg(ρ), representing the symmetry-transformed
version of the original state. In quantum theory, this transformation is represented
by a unitary operator U(g), in one-to-one correspondence with the group element
g.

Thus, a transformation associated with an element g ∈ G is represented by the
map [20]:

ρ 7→ Ug(ρ) (4.5)

where Ug(ρ) ≡ Ug ρU
†
g
2 is the superoperator implementing the transformation.

This map, in the context of symmetry transformations in quantum mechanics, is a
projective representation of the group G.

2Here, and in several instances throughout the text, we use the equivalence U(g) ≡ Ug for the
sake of notational simplicity.
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The set of all states transformed by the elements of G is called the group orbit
of ρ [20]:

OG(ρ) = {Ug(ρ) = UgρU
†
g | g ∈ G }. (4.6)

For groups admitting linear representations, the map (4.5) associates each ele-
ment g ∈ G with a unitary operator U(g) acting on the Hilbert space H in such a
way that the group multiplication law is exactly preserved U(g1)U(g2) = U(g1g2),
∀ g1, g2 ∈ G. This means that applying two successive group transformations is
precisely equivalent to applying the single transformation associated with the com-
position g1 ∗ g2.

However, in quantummechanics, since two vectors differ only by a global phase
eiϕ represent the same physical state, the state is in fact a ray in the Hilbert space.
That is, it corresponds to the set of all vectors of the form eiϕ |·⟩, which are equiva-
lent up to a global phase.

As a result, the unitary operators associated with symmetry transformations are
required to preserve the group multiplication law only up to a phase factor. This
leads to the notion of a projective representation of the group.

Formally, a projective representation of a group G is a map

g 7→ U(g), (4.7)

such that for any pair g1, g2 ∈ G,

U(g1)U(g2) = ω(g1, g2)U(g1g2), (4.8)

where ω(g1, g2) is called the cocycle of the representation and is a complex phase
that satisfies |ω(g1, g2)| = 1. If the phase factor is trivial, ω(g1, g2) = 1 for all pairs,
the representation reduces to a standard linear representation, also called unitary
representation [63].

4.1.2 G-invariant states and G-covariant operators

Given a group of symmetry G, there may exist states that are not affected by
a given transformation. That is, under the action of a unitary operator U(g), one
may have Ug(ρ) = ρ. Such states are called invariant states. The subgroup ofGwith
respect to which a state ρ is invariant is called the symmetry subgroup of the state.
If all elements of G belong to the symmetry subgroup, then ρ is invariant under all
symmetry transformations, that is,

∀ g ∈ G, Ug(ρ) = ρ. (4.9)
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The states satisfying Eq. (4.9) are called G-invariant states [23, 65].
It is worth noting thatG-invariant states generate trivial group orbits, since ev-

ery symmetry transformation acts trivially on the state. In other words, all elements
ofGmap ρ to the same physical state. Consequently, G-invariant states possess no
distinguishable structure with respect to the symmetry group and, therefore, oc-
cupy a single point in the space of group orbits.

In the framework of the resource theory of asymmetry, G-invariant states are
identified as free states. These states satisfy condition (4.9), which means that they
remain unchanged under the action of the symmetry group. Physically, this im-
plies that no measurement can distinguish ρ from any of its symmetry-transformed
versionsUgρU

†
g , so such states carry no information about the group elements. Con-

sequently, they cannot be used to infer or encode the value of a group parameter,
such as a rotation angle in the rotational symmetry case. Within this framework,
asymmetry becomes a valuable resource: states that are not G-invariant contain
information about the symmetry group and can therefore be exploited to perform
tasks that require a reference frame, such as parameter estimation or the implemen-
tation of symmetry-breaking operations [68, 69].

Another important concept within this framework is that of G-covariant opera-
tions. An operation E(·) is said to be G-covariant, that is, covariant with respect to
a symmetry group G, if it satisfies the following condition [23, 63, 68]:

E(UgρU
†
g ) = UgE(ρ)U †

g , ∀ g ∈ G. (4.10)

In other words, these operations commute with all the symmetry transforma-
tions of the group, meaning that they are themselves symmetric and cannot gener-
ate asymmetry. Physically, this implies that for any initial state and for any symme-
try transformation, the final state is independent of the order inwhich the symmetry
operation and the dynamical map E are applied. This property can be represented
pictorially in Fig. 4.1.

Recalling once again the perspective of the resource theory of asymmetry, the
operations that satisfy condition (4.10) are referred to as free operations. In this
context, they are operations that cannot generate resources such as asymmetry in a
quantum state. Therefore, when applied to a free (G-invariant) state, they produce
another free state, that is, they map the set of free states onto itself. Moreover,
when applied to non-free states, those possessing a nonzero amount of resource,
they must not increase the amount of asymmetry [68, 69].

An important implication of G-invariance is that, in the absence of an external
reference frame, states connected by symmetry transformations are operationally
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Figure 4.1: Schematic representation of a G-covariant operation. Figure based in
ref. [63].

indistinguishable. In this case, no G-covariant operation can distinguish ρ from
UgρU

†
g , since applying a symmetry transformation does not alter any physically

accessible property.
From the perspective of resource theory, this indistinguishability shows that

asymmetry and reference frames are deeply related [69]. AG-invariant state repre-
sents the absence of such a reference, while an asymmetric one provides it, encod-
ing information about the symmetry group and allowing tasks such as parameter
estimation or frame alignment.

4.1.3 Examples

To conclude this subsection, we briefly present a few examples of symmetry
groups. We focus on the symmetry groups associatedwith the Lipkin–Meshkov–Glick
(LMG) model, since this is the model used in our work.

Permutation symmetry

We begin with the group composed of all permutation operations, also known
as the symmetric group, SN . Given a set of N distinct objects {ai}Ni=1, there exist
N ! distinct arrangements of these objects. Each such arrangement corresponds to
a unique permutation and, therefore, to an element of the group SN . Thus, SN is a
finite group of order N ! [66, 67].

As a simple example, consider the caseN = 3, with the set {a, b, c}. A permuta-
tion can be represented by cycle notation, for instance P = (1 3), which exchanges
the first and third elements while leaving the second fixed:

P {a, b, c} = {c, b, a}. (4.11)
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The full symmetric group on three elements is therefore

S3 =
{
(1), (1 2), (1 3), (2 3), (1 2 3), (1 3 2)

}
, (4.12)

where (1) denotes the identity permutation (no reordering).
Taking into account a quantum system composed of N subsystems, a generic

product state can be written as |i1⟩ ⊗ |i2⟩ ⊗ · · · ⊗ |iN⟩. The action of a permutation
group element π ∈ SN is represented as:

Uπ

(
|i1⟩ ⊗ |i2⟩ ⊗ · · · ⊗ |iN⟩

)
=
∣∣iπ−1(1)

〉
⊗
∣∣iπ−1(2)

〉
⊗ · · · ⊗

∣∣iπ−1(N)

〉
, (4.13)

where Uπ is the unitary operator that implements the permutation in the quantum
state.

This representation is unitary for all π ∈ SN and satisfies

Uπ1Uπ2 = Uπ1∗π2 , U(1) = I, Uπ−1 = U †
π. (4.14)

In the context of the LMG model, which will be discussed in the next chapter,
the spin sites of the chain can be regarded as permutable particles. Because all
spins interact collectively and identically, the Hamiltonian is invariant under any
permutation of spin indices:

[HLMG, Uπ] = 0 ; ∀ π ∈ SN . (4.15)

This invariance implies that the dynamics is restricted to the fully symmetric sub-
space of the Hilbert space, significantly simplifying the structure of the model.

Physically, permutation symmetry reflects the fact that no spin carries an in-
dividual identity within the dynamics: exchanging two sites does not change any
observable property of the system. Breaking this symmetry, on the other hand,
would mean that spins no longer evolve collectively, destroying the equivalence
among constituents and modifying the accessible subspace of states.

Spin–rotation symmetry

Rotations are implemented through group transformations. In 3D physical space,
rotations are described by the Lie group SO(3). However, when dealing with spin
systems, rotational transformations are represented by the compact Lie groupSU(2),
whose generators are the angular momentum operators (Jx, Jy, Jz) satisfying the
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commutation relations [62, 66]:

[Ji, Jj] = i ϵijk Jk ; i, j, k = x, y, z, (4.16)

where ϵijk is the Levi–Civita symbol.
For a general spin state ρ, a rotation by an angle θ around an axis n has unitary

representation
U(n̂, θ) = e−iθ n̂·J. (4.17)

Considering a spin-1
2
system, the operators Ji are given in terms of the Pauli

matrices σi. In this case, the unitary representation of the group takes the form:

U(n̂, θ) = e−i θ
2
n̂·σ. (4.18)

We can see that a rotation by 2π does not act as the identity, but rather as a global
phase factor equal to −1. Setting θ = 2π in (4.18), we obtain3

U(n̂, 2π) = e−iπ n̂·σ = cos(π) I− i sin(π) n̂ · σ = −I. (4.19)

Equation (4.19) shows that a rotation by θ = 2π is equivalent to the action of
the negative identity operator, meaning that it produces a state that is physically
identical but with a general minus sign. This result is counterintuitive compared to
classical rotations, for which a 2π rotation returns the system to its original state.
In contrast, for rotations in spin systems, a 4π rotation is required for the system to
return to its initial state [70].

This characteristic of rotations in spin systems is a consequence of the surjec-
tive two-to-one homomorphism4 between the groups SU(2) and SO(3). For each
rotation described by an element of SO(3), there exist two corresponding elements
in SU(2), namely U and −U . This relation is known as the double covering of the
group SO(3) by the group SU(2) [67, 70].

Once again invoking the LMGmodel, we note that theHamiltonian, given in (5.11)5,
can be rewritten, in the isotropic case γ = 1, in the form:

Ĥγ=1 = −2h Ĵx −
J

j

(
J2 − Ĵ2

x

)
. (4.20)

3Here we use the expansion e−i θ
2 n̂·σ =

∑∞
l=0

(−i θ
2 n̂·σ)

l

l! and the identities (n̂ · σ)2l = I and
(n̂ · σ)2l+1 = n̂ · σ. In this way, the terms with even powers combine into the cosine term of the
expression, while the terms with odd powers give rise to the sine term.

4A homomorphism between two groups is a correspondence between their elements that pre-
serves the group multiplication laws [66].

5For clarity: Ĥ = −2hĴx − J
j

(
Ĵ2
z + γĴ2

y

)
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since Ĵ2
z + Ĵ2

y = J2 − Ĵ2
x . As a consequence, we obtain:

[Ĥγ=1
LMG, Ĵx] = 0, (4.21)

indicating invariance under rotations around the x axis. The presence of anisotropy
breaks this rotational invariance.

Parity (spin-flip) symmetry

As a final example of symmetry, we introduce the discrete symmetry group Z2,
also known as parity or spin-flip symmetry. The group Z2 consisting of only two
elements,

Z2 = {I, p}, (4.22)

where I denotes the identity element and p is the inversion symmetry operation,
satisfying p ∗ p = I.

In spin systems, the Z2 symmetry is associated with a global spin-flip trans-
formation, which reverses the sign of certain spin components. In the context of
collective spin operators, this transformation can be represented by the unitary op-
erator [71, 72]

Π̂x = eiπ(Ĵx−j), (4.23)

with j being the quantum number of the total angular momentum along the x di-
rection. Therefore, Π̂x generates a reflection with respect to the x axis in spin space.

Under this transformation, the collective spin operators transform as [73]

Π̂xĴxΠ̂
†
x = Ĵx, Π̂xĴyΠ̂

†
x = −Ĵy, Π̂xĴzΠ̂

†
x = −Ĵz. (4.24)

Therefore, the spin-flip operation leaves the x component invariant while reversing
the sign of the transverse components.

When acting on an eigenstate of Ĵx, denoted by |j,mx⟩, the parity operator
yields

Π̂x |j,mx⟩ = eiπ(mx−j) |j,mx⟩ = (−1)(mx−j) |j,mx⟩ , (4.25)

since mx = −j,−j + 1, . . . , j − 1, j, the quantity mx − j is always an integer. If
mx − j is even, the action of Π̂x yields + |j,mx⟩; otherwise, if mx − j is odd, the
result of the operation is − |j,mx⟩. Therefore, when acting on an eigenstate of H ,
the parity operator can present eigenvalues±1, defining two distinct parity sectors
in the Hilbert space of the system [72].
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Considering again the model described by the Hamiltonian (5.11), we can see
that the Hamiltonian commutes with the parity transformation operator (4.23):

[HLMG,Πx] = 0. (4.26)

which shows that the Hamiltonian of the system is invariant under the parity op-
eration. This can be seen straightforwardly, since the operators that are flipped un-
der the action of Π̂x, see Eq. (4.24), appear quadratically in the Hamiltonian (5.11).
Moreover, Eq. (4.26) implies that one can construct a common eigenbasis for both
operators, {|En,p⟩}, where the index p labels the parity sector such that:

HLMG |En,p⟩ = En |En,p⟩ , (4.27)

Πx |En,p⟩ = ± |En,p⟩ . (4.28)

However, despite the invariance of the Hamiltonian system under the parity
operator, the system may be prepared in states that are not parity invariant.

For instance, in the next chapter, where we describe the LMG model in more
detail and present the DQPT in this system, we consider the dynamics starting from
the ground state of H0

6, given by the eigenstate corresponding to all spins aligned
along the z direction, |j,mz⟩ = |j,+j⟩, which is one of the degenerate ground states
of H0. This state is not invariant under the action of the parity operator Πx, since
Πx |j,±mz⟩ = |j,∓mz⟩, even thoughH0 itself is invariant under parity. Therefore,
we start from a state that spontaneously breaks the Z2 symmetry, a fact that plays a
crucial role in the characterisation of both the QPT and the DQPT in this model [72,
73].

4.2 Asymmetry of Quantum States

As discussed in the previous section, the asymmetry of a quantum state can be
regarded as a resource within the framework of the asymmetry resource theory.
Consequently, it is of interest to quantify the amount of asymmetry a physical state
possesses, that is, to measure how strongly a given state breaks the symmetry as-
sociated with a particular group.

6We set h = 0 in Eq. (5.11): Ĥ0 = −J
j

(
Ĵ2
z + γĴ2

y

)
.
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4.2.1 Asymmetry Properties

A function f(·), defined as f : D(H) → R, that quantifies the amount of re-
source contained in a quantum state ρ must satisfy the following general condi-
tions [74]:

1. f(ρ) ≥ 0.

2. f(ρ) = 0 if ρ is a free state.

3. f(ρ) ≥ f(E(ρ)) if E is a free operation.

Since asymmetry is treated as a resource, these conditions must be satisfied by
any valid asymmetry measure. The first condition guarantees the non-negativity of
themeasure, the second ensures that free (i.e., symmetric orG-invariant) states pos-
sess a zero resource value, and the third expresses the monotonicity, meaning that
the amount of asymmetry cannot increase under free (i.e.,G-covariant) operations,
as discussed in the previous section. Together, these properties provide a consistent
framework for quantifying asymmetry as a resource in quantum systems.

Moreover, themeasure should also satisfy the property of convexity, which guar-
antees that statistical mixtures of states cannot increase the amount of resource. In
other words, for any pair of states ρ1 and ρ2, and any 0 ≤ p ≤ 1,

f (pρ1 + (1− p)ρ2) ≤ pf(ρ1) + (1− p)f(ρ2). (4.29)

This means that random mixing of states introduces classical uncertainty, which
tends to wash out information about the symmetry of the system, never increasing
it. This property is therefore essential for any monotonic asymmetry [68].

An important classification to make is that of G-equivalent states. Considering
a given symmetry group, we may have non-free states with respect to this group.
As discussed previously, these states have the ability to break, to some extent, the
symmetry of the group, that is, possess a certain amount of resource (asymmetry).
However, within a given set of states, there are those that share the same amount
of resource, and these states are called G-equivalent.

These states can be reversibly interconverted by G-covariant operations [23].
This means that, although G-equivalent states are not invariant under the symme-
try transformations, they share the same amount of asymmetry or, in other words,
the same “symmetry-breaking power”, unlike G-invariant states, which exhibit a
complete absence of the resource.



86 Chapter 4. Asymmetry on Quantum States

Formally, we can define the following: two states, ρ and σ, are said to be G-
equivalent if and only if they can be reversibly interconverted by G-covariant op-
erations, i.e., if there exist operations E and F such that [63]:

∀ g ∈ G , [E ,Ug] = 0 with E(ρ) = σ (4.30)

and
∀ g ∈ G , [F ,Ug] = 0 with F(σ) = ρ. (4.31)

The commutation conditions with the superoperator ensure that the operations are
G-covariant.

As an example, consider the group SU(2), presented in subsection 4.1.3. A state
with a total angular momentum equal to zero is invariant under any rotation, while
a state with nonzero angular momentum is notG-invariant. Nevertheless, all states
resulting from rotations of a given angular momentum vector form a class of G-
equivalent states, since they possess the same magnitude of angular momentum,
that is, the same amount of resource associated with the breaking of rotational sym-
metry.

4.2.2 Informational approach

The purpose of this section is to introduce the informational perspective on
symmetry. Our aim is to show that asymmetry can be interpreted as a form of
information, and therefore quantities originating from information theory can be
used as valid asymmetry measures. To illustrate this idea, consider the following
communication task.

Suppose that the scientist A wants to communicate a spatial direction n̂ ∈ R3

to the scientist B. To do this, A prepares a spin-j system in a coherent state whose
mean spin points along that direction, and sends the state to B. Formally, a co-
herent spin state is obtained by rotating the maximal–weight eigenstate, |ψn̂⟩ =
R(n̂) |j, j⟩, with ⟨J⟩ = ℏj n̂. For j = 1

2
, a coherent state pointing in the +x direc-

tion is, for example, |+x⟩ = 1√
2
(|+z⟩+ |−z⟩).

From the point of view ofB’s point of view, the information about the direction
n̂ is encoded in the received quantum state. By takingmeasurements along different
directions, B can estimate which direction was sent. If A prepared a state pointing
along ẑ, measurements of J · ẑ yield outcomes concentrated near ℏj, while mea-
surements along orthogonal directions give smaller expectation values. The larger
the spin j, the smaller the uncertainty in the estimation, scaling as 1

j
[20].

However, the ability to perform the estimation depends directly on the asymme-
try of the received state. Without asymmetry, that is, if the state isG-invariant with
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respect to the rotation group, B would not be able to infer any direction, because
all measurement outcomes would be indistinguishable from each other. Thus, the
state asymmetry is essential for the success of the task of transmitting the desired
information.

Therefore, a state must break the symmetry of the group, SU(2) in our ex-
ample, to carry information about a spatial direction. The stronger the symmetry
breaking, the greater the capacity of the state to encode such information. A purely
coherent state has maximal asymmetry with respect to SU(2); on the contrary,
mixed states that reduce |⟨J⟩| decrease both asymmetry and the amount of accessi-
ble information. The maximally mixed state, ρmix = I/(2j+1), is G-invariant since
UgρmixU

†
g = ρmix for all g ∈ SU(2), and therefore it does not encode any direction,

making parameter communication impossible. Hence, the asymmetry of the state is
the resource that enables operational inference of the direction. Then we can infer
that rotational asymmetry can be quantified by the amount of information the state
encodes about spatial orientation [20].

The example given above can be viewed in light of the group–theoretic concepts
introduced earlier. Recalling that symmetry transformations of a system are given
by the projective representation Ug(ρ) = UgρU

†
g , if a physical state is non-free,

then the orbit {Ug(ρ) : g ∈ G} is composed of physically distinguishable states.
Consequently, an asymmetric state ρ can encode information about the elements of
the group.

On the other hand, if ρ is a free state (G-invariant), then its orbit consists of a
single element:

OG(ρ) = {ρ}, (4.32)

in this case, it carries no information since all group transformations yield the same
physical state. Thus, the state has zero asymmetry [63].

We now reach the key point of our discussion. The information–theoretic char-
acterisation of asymmetry lies in the fact that the more distinguishable the elements
of the orbit of a state are, themore information that state can encode about the group
of transformations and, consequently, the more asymmetric the state is [20, 63].

Comparing the asymmetry of two states ρ and σ therefore reduces to comparing
the information contained in their orbits, {Ug(ρ) : g ∈ G} and {Ug(σ) : g ∈ G},
in such a way that the two orbits can be reversibly mapped into each other by G-
covariant operations, i.e. if:

ρ
G-cov.←−−→ σ ⇐⇒ ρ and σ are G-equivalent, (4.33)
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then the states contain the same amount of asymmetry and belong to the same
G-equivalence class [23].

Therefore, given the above, we can state that the dynamical and informational
viewpoints coincide:

Asymmetry =
Distinguishability of

the group orbit
=

Information about
the symmetry

This equivalence justifies the use of information-theoretic quantities as valid
asymmetry measures in the next section.

4.3 Asymmetry measures

Having established that asymmetry can be treated as a physical resource and
that the amount of asymmetry of a state with respect to a symmetry group is closely
related to the amount of information that the state can encode about that group,
we may now introduce the general conditions that any asymmetry measure must
satisfy.

As with any resource monotone, an asymmetry measure, also called frameness
monotone, must be a function that does not increase underG-covariant time evolu-
tion. In other words, free operations cannot create asymmetry in a quantum state.
Consequently, a valid asymmetry monotone must satisfy monotonicity: under sym-
metric dynamics, the asymmetry of the final state cannot exceed that of the initial
state, and is strictly conserved in the case of closed, symmetry-preserving evolu-
tions [63]. In addition to monotonicity, the asymmetry measures must be non-
negative and vanish exclusively for G-invariant (free) states [21, 22, 75–77].

These conditions ensure that any quantity used to quantify the amount of asym-
metry behaves consistently with the operational picture developed in the previous
sections. In particular, since we have shown that asymmetry is equivalent to the
ability of a state to encode information about the symmetry group, it is natural to
consider measures derived from the distinguishability structure of the group orbit.

In view of the above discussion, any functional of the state that:

(i) quantifies the distinguishability structure of the group orbit OG(ρ), and

(ii) satisfies the general conditions of Sec. 4.2.1

can be regarded as a valid asymmetry monotone [20, 21, 63, 76].
More generally, quantities that measure how “spread out” or distinguishable the

orbit is, such as distances between elements ofOG(ρ) or divergences between ρ and
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its symmetry-transformed versions, provide natural candidates for asymmetrymea-
sures. Information-theoretic functionals built from these distinguishability proper-
ties, such as relative entropies [75], trace distances [63], or coherence norms [24],
therefore, emerge as monotone asymmetry.

Here, we focus on a specific measure used in this work, based on the ℓ1-norm.

4.3.1 The ℓ1-norm

The asymmetry monotone employed in this thesis is constructed from the ℓ1-
norm, also known as the trace norm. This function provides a quantifier of how
strongly a quantum state fails to commute with the generators of the symmetry
group, capturing the idea that asymmetry measures how strongly a state is affected
by a symmetry transformation.

To define the asymmetry measure, we must first introduce the trace norm, or
ℓ1-norm. Given an operator A ∈ L(H), its ℓ1-norm is defined as [57]:

∥A∥1 = Tr
(√

A†A
)
, (4.34)

which corresponds to the sum of the singular values of A7.

Properties of the ℓ1-norm

The ℓ1-norm exhibits several fundamental properties that are particularly rele-
vant for our discussion. In the following, we briefly list some of these properties.
Additional examples can be found in more detail in [57].

• Positivity. For any operator A ∈ L(H),

∥A∥1 ≥ 0, (4.35)

with ∥A∥1 = 0 if and only if A = 0. This property follows directly from
the fact that A†A is a positive semidefinite operator, and therefore its square
root
√
A†A is also positive, which guarantees that its trace is non-negative.

Moreover, Tr
(√

A†A
)
= 0 implies that all singular values vanish, and hence

A = 0.
7The singular values of an operator A are defined as the eigenvalues of the positive operator√

A†A. Equivalently, in the singular value decomposition (SVD), any matrix or operator A can
be written as A = WDV †, where W and V are unitary and D = diag(s1, s2, . . .) is a diagonal
matrix whose entries si ≥ 0 are the singular values of A. The trace norm is then given by ∥A∥1 =

Tr
(√

A†A
)
=
∑

i si, that is, the sum of all singular values of A [78].
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• Homogeneity. For any c ∈ C,

∥cA∥1 = |c| ∥A∥1. (4.36)

We obtain (4.36) noting that (cA)†(cA) = |c|2A†A. Thus,

∥cA∥1 = Tr
(√
|c|2A†A

)
= |c| Tr

(√
A†A

)
= |c| ∥A∥1.

• Variational characterization. For any operator A ∈ L(H), the ℓ1-norm
admits the characterisation

∥A∥1 = max
U
|Tr(AU)|, (4.37)

where themaximum is taken over all unitary operatorsU in the Hilbert space.

To obtain (4.37), let us consider the singular value decompositionA = WDV †,
with unitaryW and V andD = diag(s1, . . . , sn) containing the singular val-
ues of A. Then

Tr(AU) = Tr
(
WDV †U

)
= Tr

(
DV †UW

)
.

Since V †UW is unitary for any unitary U , optimising over U is equivalent to
optimising over an arbitrarily unitary U ′ = V †UW . Thus,

max
U
|Tr(AU)| = max

U ′
|Tr(DU ′)| =

∑
i

si = ∥A∥1.

• Triangle inequality. For any operator A,B ∈ L(H),

∥A+B∥1 ≤ ∥A∥1 + ∥B∥1. (4.38)

Here, we may use the variational characterisation of the norm. For the oper-
ator (A+B) we have

∥A+B∥1 = max
U
|Tr[(A+B)U ]|.

Using the linearity of the trace, Tr[(A+B)U ] = Tr(AU) + Tr(BU), and
applying the triangle inequality for complex numbers, |Tr(AU)+Tr(BU)| ≤
|Tr(AU)|+ |Tr(BU)|, we can write

∥A+B∥1 ≤ max
U

(|Tr(AU)|+ |Tr(BU)|) .
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Finally, sincemaxU (|Tr(AU)|+ |Tr(BU)|) ≤ maxU |Tr(AU)|+maxU |Tr(BU)|,
we obtain

∥A+B∥1 ≤ max
U
|Tr(AU)|+max

U
|Tr(BU)|,

≤ ∥A∥1 + ∥B1∥.

• Convexity. Let {Ai} be a collection of operators, Ai ∈ L(H), and let {pi} be
probabilities with pi ≥ 0 and

∑
i pi = 1. Then∥∥∥∑

i

piAi

∥∥∥
1
≤
∑
i

pi∥Ai∥1. (4.39)

This property follows directly from homogeneity and the triangle inequality:∥∥∥∑
i

piAi

∥∥∥
1
≤
∑
i

∥piAi∥1 =
∑
i

pi∥Ai∥1. (4.40)

Let us note that some of these properties are precisely the ones required for an
asymmetry monotone. We now proceed to define the asymmetry monotone based
on the ℓ1-norm.

4.3.2 The ℓ1-norm based asymmetry monotone

Given a generatorL of the symmetry groupG, the ℓ1-norm asymmetry measure
is defined as [20, 63]:

FL(ρ) = ∥[ρ, L]∥1. (4.41)

This quantity is defined in terms of the commutator between the density operator
and the generator of the symmetry group. It can be understood as a quantification
of howmuch the state of the system does not commute with the group generator. To
provide a clearer understanding of the meaning of FL(ρ), we follow the reasoning
presented in [63].

Consider an infinitesimal group transformation generated by L:

U(g) = e−iθL, θ ≪ 1. (4.42)

Expanding to first order, e−iθL = I− iθL−O(θ2), we obtain the transformed state:

Ug ρU
†
g =

(
I− iθL−O(θ2)

)
ρ
(
I+ iθL+O(θ2)

)
,

= ρ− iθ[L, ρ] +O(θ2). (4.43)
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Since ∥ρ − σ∥1 is the trace distance between two quantum states, providing a
measure of how distinguishable they are [57], the trace distance between ρ and its
symmetry-transformed version Ug ρU

†
g , for a group element g ∈ G, is:

∥ρ− UgρU
†
g∥1 = θ ∥[ρ, L]∥1 +O(θ2). (4.44)

In this way, the asymmetry monotone defined in (4.41) is simply the first-order
term of Eq. (4.44), which makes the meaning of the measure clear: we are quanti-
fying how much the symmetry transformation U(g) makes the transformed state
distinguishable from the initial one, that is, how strongly the state responds to the
infinitesimal action of the group. This quantification, as we have seen, is determined
by the commutator between the state and the symmetry generator. The less the state
commutes with the generator, the more distinguishable the initial and transformed
states become, and consequently the more asymmetric the state is with respect to
the group.

In addition to the interpretation discussed above, we may understand (4.41) in
terms of the coherence between the eigenvalues of the operator L. The monotone
FL(ρ) can be viewed as a quantification of the coherent spread over the eigenvalues
of L [20].

To visualise this, let us consider the spectral decomposition of L in the form
L =

∑
i li |li⟩⟨li|, where {|li⟩} is the set of orthonormal eigenstates of L and li are

the corresponding eigenvalues. The matrix elements of the operator [ρ, L] in the
eigenbasis of L are given by:

⟨l| [ρ, L] |l′⟩ = ⟨l| (ρL− Lρ) |l′⟩ ,

= ⟨l| ρL |l′⟩ − ⟨l|Lρ |l′⟩

= ⟨l| ρ
∑
i

li |li⟩ ⟨li|l′⟩ − ⟨l|
∑
j

lj |lj⟩⟨lj| ρ |l′⟩

=
∑
i

liδli,l′ ⟨l| ρ |li⟩ −
∑
j

ljδlj ,l ⟨lj| ρ |l′⟩

= (l′ − l) ⟨l| ρ |l′⟩ . (4.45)

Equation (4.45) presents the matrix elements of the commutator [ρ, L] in the
eigenbasis of L as the product of the difference between the eigenvalues and the
corresponding density-matrix element. We now analyse this expression in two dis-
tinct situations.

The first situation corresponds to the case in which the state ρ is diagonal in the
eigenbasis of L. In this case, ⟨l| ρ |l′⟩ = 0 for all l ̸= l′, so that only the terms with
l = l′ contribute. However, under this condition, the multiplicative factor (l′ − l)
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vanishes, cancelling all elements of the commutator [ρ, L], implying that

[ρ, L] = 0. (4.46)

As a result, we see that states that are diagonal in the basis of L are invariant under
the transformation generated by L, characterising symmetric states (FL(ρ) = 0)
with respect to this generator.

In the second case, where ρ exhibits off-diagonal elements based on L, that is,
when ⟨l| ρ |l′⟩ ̸= 0 for l ̸= l′, the commutator may be nonzero, provided that these
elements connect distinct eigenvalues of L. In this case, both the factor (l′ − l) and
the matrix elements ⟨l| ρ |l′⟩ do not disappear, resulting in

[ρ, L] ̸= 0. (4.47)

Therefore, the existence of coherence between different eigenvalues of L (co-
herence necessarily between l’s such that li ̸= l, with coherences between states
sharing the same eigenvalue not being taken into account) implies that the com-
mutator does not vanish, which corresponds to a nonzero asymmetry measure. In
this way, the quantity FL(ρ) quantifies how much the state spreads over different
eigenvalues of the generator.

This “coherent spreading” over the spectrum of L characterises the breaking of
the symmetry associated with the generator and justifies interpreting FL(ρ) as a
measure of asymmetry or, equivalently, as a quantifier of the sensitivity of the state
to the symmetry transformation generated by L [20].

It is important to note that the quantity defined in Eq. (4.41) satisfies the ax-
ioms presented in Sec. 4.2.1 for resource measures and therefore qualifies as a valid
asymmetry monotone:

• Vanishing on free states: If ρ is G-invariant (a free state), then UgρU
†
g =

ρ ∀g, which implies [ρ, L] = 0. Hence, since the ℓ1-norm vanishes only for
the zero operator,

FL(ρ) = 0.

• Non-negativity: this condition follows directly from the positivity property
of the ℓ1-norm, namely ∥A∥1 ≥ 0, with equality holding only in the case
discussed above [57].

• Monotonicity: if there exists aG-covariant transformationΛ such that ρ Λ−→
σ, then Λ(UgρU

†
g ) = UgΛ(ρ)U

†
g = UgσU

†
g . Moreover, the trace norm is con-

tractive under any completely positive trace-preserving map, as is the case
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for G-covariant operations. That is, for any Hermitian operator A we have
∥A∥1 ≥ ∥Λ(A)∥1 [63]. Therefore, taking A = ρ− UgρU

†
g , we obtain

∥ρ− UgρU
†
g∥1 ≥ ∥Λ(ρ)− Λ(UgρU

†
g )∥1

≥ ∥σ − UgσU
†
g∥1. (4.48)

From (4.44), we can conclude:

∥[ρ, L]∥1 ≥ ∥[σ, L]∥1,

FL(ρ) ≥ FL(σ), (4.49)

ensuring that the distinguishability of the orbit cannot increase under free op-
erations, or, in other words, that G-covariant operations cannot increase the
distinguishability between a state and its symmetry-transformed version [63].

• Convexity: Given an ensemble {pi, ρi}, the convexity of FL(ρ) follows di-
rectly from the convexity of the ℓ1-norm:

FL

(∑
i

piρi

)
≤
∑
i

piFL(ρi).

Let us see this explicitly. Let

FL

(∑
i

piρi

)
=

∥∥∥∥∥
[∑

i

piρi, L

]∥∥∥∥∥
1

,

≤
∑
i

pi∥[ρi, L]∥1

≤
∑
i

piFL(ρi). (4.50)

where we used again the triangle inequality and the homogeneity of the ℓ1-
norm.

We may interpret convexity as expressing the fact that statistical uncertainty
about the state only degrades the information about the symmetry. Therefore,
it is not possible to increase the system’s sensitivity to symmetry transforma-
tions (its asymmetry) by statistical mixing.

To conclude, let us view FL(ρ) in terms of the geometry of the orbit gener-
ated by the group action. If the state is G-invariant, then UgρU

†
g = ρ ; ∀ g ∈ G,

which implies [ρ, L] = 0. In this case, the orbit OG(ρ) = {ρ} contains a single
point, and no symmetry transformation produces a state distinguishable from ρ.
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The “distance” along the orbit is therefore zero for any transformation, reflecting
the complete absence of asymmetry.

If, on the contrary, [ρ, L] ̸= 0, the state “moves” along its group orbit: small
transformations generate physically distinct states UgρU

†
g = ρ− iθ[L, ρ] + O(θ2),

so the orbit contains a continuum of distinguishable points. The trace distance be-
tween ρ and its infinitesimally transformed version behaves as

∥ρ− UgρU
†
g∥1 = θ ∥[ρ, L]∥1 +O(θ2), (4.51)

which shows that ∥[ρ, L]∥1 quantifies the initial rate at which the state departs from
itself along the orbit. Thus, FL(ρ) measures the distinguishability generated by
the group action and provides a geometric characterisation of asymmetry, which
is perfectly in line with the informational interpretation developed in the previous
section.

Thus, the ℓ1-norm of the commutator provides a fully operational information-
theoretic measure of asymmetry. It quantifies how distinguishable the neighbour-
hood of ρ is within its group orbit, matches the intuitive idea that asymmetry reflects
the failure of a state to respect a symmetry generator, and satisfies all requirements
expected of a monotone resource.

Example: rotation asymmetry

As an example, again, let us consider the group SU(2), presented in subsec-
tion 4.1.3, whose generators are the spin operators Jx, Jy, and Jz . If we choose
L = Jz , the monotone

FJz(ρ) = ∥[ρ, Jz]∥1 (4.52)

measures the amount of asymmetry of ρwith respect to rotations around the z-axis.
Analysing this from the perspective of coherence, as discussed previously, we

can interpret FJz(ρ) as a measure of the amount of coherence of the state across
different eigenvalues of Jz . Indeed, writing the eigenstates of Jz as {|j,mz⟩}, with
mz = −j,−j+1, . . . , j, the matrix elements of the commutator in this basis, given
in Eq. (4.45), are

⟨j,mz| [ρ, Jz] |j,m′
z⟩ = (m′

z −mz) ⟨j,mz| ρ |j,m′
z⟩ . (4.53)

Therefore, only matrix elements of ρ that connect states with different magnetic
quantum numbers mz ̸= m′

z contribute to the asymmetry. Coherences between
states with the same eigenvalue of Jz do not contribute, since (m′

z −mz) vanishes.
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For example, a state that is diagonal in the basis Jz , such as ρ =
∑

mz
pmz |j,mz⟩⟨j,mz| .

has all non-diagonal elements ⟨j,mz| ρ |j,m′
z⟩ withmz ̸= m′

z equal to zero, imply-
ing [ρ, Jz] = 0 and hence FJz(ρ) = 0. Such states are invariant under rotations gen-
erated by Jz and therefore do not encode any information about rotations around
the z axis.

In contrast, consider a coherent spin state that points in a direction not parallel
to ẑ. When expressed in the Jz basis, this state is a superposition of several |j,mz⟩
eigenstates,

|ψ⟩ =
∑
mz

cmz |j,mz⟩ , (4.54)

leading to a density operator ρ = |ψ⟩⟨ψ| with nonvanishing off-diagonal elements
⟨mz| ρ |m′

z⟩ formz ̸= m′
z . These terms correspond to coherences between different

eigenvalues of Jz and generate a [ρ, Jz] ̸= 0, resulting in a finite value of FJz(ρ).
This reflects the fact that such a state is not invariant under rotations around

the z axis, that is, an infinitesimal rotation changes the state in an operationally
distinguishable way, generating a nontrivial group orbit. The larger the coherent
spread of ρ over distinct Jz eigenvalues, the greater the distinguishability between
ρ and its symmetry-transformed versions, and hence the greater the asymmetry
monotone FJz(ρ).

In this sense, FJz(ρ) provides a clear geometric and physical interpretation: it
quantifies how strongly the state is delocalised across different Jz eigenvalues and
therefore how sensitive it is to symmetry transformations generated by Jz . This
aligns with the interpretation of asymmetry as a resource for encoding directional
information in the transverse plane [20].
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Chapter 5

Lipkin-Meshkov-Glick Model

The Lipkin–Meshkov–Glick (LMG) model was originally proposed in [32–34] in
the context of nuclear physics as a model to study many-fermion systems. The con-
struction considers N fermions distributed across two energy levels, each with an
N -fold degeneracy, allowing each level to accommodate multiple states. The model
includes pair scattering interactions, in which two fermions can be simultaneously
transferred from the lower level to the upper one (or vice versa).

The originally proposed Hamiltonian has the form [32]:

H =
ϵ

2

∑
p,σ

σa†pσapσ +
V

2

∑
p,p′,σ

a†pσa
†
p′σap′−σap−σ +

W

2

∑
p,p′,σ

a†pσa
†
p′−σap′σap−σ. (5.1)

where ϵ is the energy gap between the two levels, V and W are the interaction
strengths, with V associated with the scattering of a pair of particles within the
same level andW associated with the exchange of particles between energy levels,
σ denotes the energy level and can take values +1 (for the upper level) and −1 (for
the lower level), and p is the quantum number specifying the state of a fermion in
level σ.

Despite its initial proposal, the LMG model is widely used to describe a chain
of N spin-1

2
particles with global interaction, subjected to an external transverse

magnetic field [71, 72, 79, 80]:

Ĥ = − J
N

∑
i<j

(
σi
zσ

j
z + γσi

yσ
j
y

)
− h

∑
i

σi
x, (5.2)

where J is the spin coupling term in the zy direction, h is the transverse magnetic
field applied along the x direction, the matrices σl, with l = x, y, z, are the Pauli
spin operators, and γ is an anisotropy parameter. This Hamiltonian, described by
Eq. (5.2), will be used throughout this thesis.
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5.1 Symmetries

The model exhibits two important symmetries: the permutation symmetry, as-
sociated with the permutation group SN , and the parity symmetry, also known as
the Z2 symmetry or spin-flip symmetry.

The first is associated with the fact that the spin interactions have the same
intensity for any pair of spins. Thus, the permutation of a pair of particles does
not change the Hamiltonian of the system, making it invariant under the action of
elements of the group SN [81]. This symmetry allows us to classify the state of the
system into distinct sectors, each associated with a total spin value J . Since the
Hamiltonian of the model preserves J2, it does not mix states with different values
of J , enabling the decomposition of the Hilbert space into independent subspaces.

Among these sectors, the totally symmetric sector (TSS) corresponds to the sub-
space where J = N/2, containing states that are symmetric under permutation of
any pair of spins. Because the Hamiltonian of the model does not couple states from
different sectors, if the initial state belongs to the sector J = N/2, it will remain in
that sector throughout the evolution. Restricting the analysis to this sector reduces
the Hilbert space dimension from 2N to only N + 1 [32].

This property allows reformulating the problem in the totally symmetric sector
in terms of collective spin operators Jl =

∑
i

σi
l

2
, with l = x, y, z, enabling the

system’s dynamics to be equivalently described as the dynamics of a single spin of
magnitude J = N

2
.

On the other hand, the Z2 symmetry, or spin-flip symmetry, is associated with
the invariance of the Hamiltonian under the global transformation that inverts the
sign of the transverse spin components, i.e.,

σi
z → −σi

z, σi
y → −σi

y, σi
x → σi

x. (5.3)

This symmetry arises from the spin interactions in the LMG model’s Hamiltonian
(5.2), where the interaction terms in the zy plane always appear as quadratic prod-
ucts, ensuring that the Hamiltonian remains invariant under this global inversion.
Meanwhile, the external field term in the x-direction, h

∑
i σ

i
x, remains unchanged,

meaning the Z2 symmetry is restricted to the transverse plane.
Its role in characterising the phases of the system is crucial. In the paramagnetic

phase (h ≫ J ), the spins are forced into alignment. The term associated with the
external field dominates the energy of the system, aligning the spins in its direction,
ensuring a unique ground state. In this case, the Z2 symmetry is preserved because
both the Hamiltonian and the ground state remain symmetric [35].
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On the other hand, in the ferromagnetic phase (h ≪ J ), the spin interaction
term becomes dominant. In this situation, the system spontaneously chooses one
of the two possible spin alignment directions in the zy plane, resulting in ground
state degeneracy. Since the two degenerate states do not exhibit spin-flip symmetry
even though the Hamiltonian remains symmetric, we say that this symmetry is
spontaneously broken in the ferromagnetic phase [35].

The spontaneous breaking ofZ2 symmetry is explored in the context of quantum
phase transitions in the LMGmodel, with a critical external magnetic field given by
hc = J , in references [35, 72, 82]. Later, we will discuss the relationship between
these phases and DQPT.

The fact that the model possesses permutation symmetry allows us to treat the
system in the collective spin regime, providing a very useful simplification that
enables computational simulation at a lower cost. We will now rewrite the Hamil-
tonian (5.2) using this approach.

First, we rewrite the interaction terms σi
zσ

j
z and σi

yσ
j
y using the collective spin

operators. Note that

∑
i<j

σi
lσ

j
l =

1

2

(∑
i,j

σi
lσ

j
l −

∑
i

σi
lσ

i
l

)
. (5.4)

Since σi
lσ

i
l = I for any i, we obtain:

∑
i<j

σi
lσ

j
l =

1

2

(∑
i,j

σi
lσ

j
l −NI

)
. (5.5)

Using the collective spin operators:

∑
i,j

σi
lσ

j
l =

(∑
i

σi
l

)(∑
j

σj
l

)
= 4Ĵ2

l . (5.6)

Thus, ∑
i<j

σi
lσ

j
l =

1

2

(
4Ĵ2

l −NI
)
. (5.7)

Moreover, ∑
i

σi
x = 2Ĵx. (5.8)
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Using (5.7) and (5.8) in (5.2), we obtain the following:

Ĥ = − J
N

∑
i<j

(
σi
zσ

j
z + γσi

yσ
j
y

)
− h

∑
i

σi
x

= − J
N

[
1

2

(
4Ĵ2

z −NI
)
+ γ

1

2

(
4Ĵ2

y −NI
)]
− 2hĴz. (5.9)

Rearranging,

Ĥ = −2hĴx −
J

N

(
2Ĵ2

z + 2γĴ2
y −

N

2
(1 + γ)I

)
. (5.10)

The term proportional to N
2
(1 + γ)I represents only a global energy shift and

can be ignored. Additionally, we can define j = N
2
. Thus, we obtain:

Ĥ = −2hĴx −
J

j

(
Ĵ2
z + γĴ2

y

)
. (5.11)

The LMG model, represented in terms of collective spin operators, can be de-
scribed by the Hamiltonian in Eq. (5.11) with a dimension of N + 1, instead of
Eq. (5.2) with a dimension of 2N [72]. For the main results of this thesis, we set
J = 1, which does not lead to any loss of generality in our results, as J only rescales
the interaction energy. The anisotropy parameter γ will be analysed in two situa-
tions: first, we will consider a fixed value of γ to identify the role of DQPT in the
entropy production of the model; second, we allow γ to vary within the interval
γ ∈ [0, 1] to study the behaviour of symmetry under DQPT.

5.2 DQPT in LMG model

The LMG model exhibits dynamical behaviour with critical features that can be
analysed in two complementary ways: through a dynamical order parameter, also
called DPT-I, and through nonanalyticities in the rate function, called DPT-II or sim-
ply DQPT. These two approaches to identifying dynamical phase transitions were
introduced in Chapter 2 and have been investigated in several works, including [4,
7, 27, 28, 37, 53, 82, 83].

In this section, we discuss both approaches in the context of the LMG model,
presenting the behaviour of the Loschmidt amplitude, Loschmidt echo, rate func-
tion, and dynamical order parameter. In addition, we address the validity of the
transition markers observed in our calculations, considering both finite-size chains
and systems described by mixed states.
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5.2.1 Loschmidt Echo and Rate Function

Startingwith theDPT-II, which is the dynamic transitions related to the Loschmidt
echo and rate function, as discussed in Section 2.3.

We focus on this type of transition motivated by the possibility of relating the
Loschmidt echo to the Bures angle when dealing with pure states, since, for two
pure states ρ0 = |ψ0⟩⟨ψ0| and ρt = |ψ(t)⟩⟨ψ(t)|, Uhlmann fidelity takes the form
(6.7), and the Loschmidt echo is given by (2.46). In this case, we can write:

F(|ψ0⟩ , |ψt⟩) = Le(t), (5.12)

thus, the Bures angle between ρ0 and ρt can be expressed in terms of Le(t):

L(ρ0, ρt) = arccos
√
Le(t). (5.13)

Equation (5.13) suggests that the dynamic behaviour of Le directly influences
the behaviour of L for pure states. Since the Bures angle is closely related to the
lower bound of entropy production via (6.17), we can infer that the behaviour of
the Loschmidt echo, including its behaviour during criticalities, will influence the
behaviour of this bound.

The LMGmodel has a dynamic critical point given by hdc = h0+J
2

[84], where h0
is the initial value of the transverse magnetic field and J is the coupling parameter
in the zy direction. It is important to mention that this critical point differs from
the QPT critical point given by hQPT

c = J [79, 82].
This point separates two distinct dynamical regimes in the LMG model. For

quenches leading to h < hdc , the system remains in the symmetry-broken phase,
where the final state exhibits spontaneous magnetization in the zy plane, main-
taining the degeneracy of the ground states. On the other hand, for quenches with
h > hdc , the system evolves into a phase where the Z2 symmetry is dynamically
restored, resulting in a state without transverse magnetization. This phase differ-
ence can be captured by the behaviour of the rate function, with the emergence
of non-analyticities in λ(t) for quenches to h > hdc , signalling the occurrence of a
DQPT [27, 82].

In our calculations, we will consider quenches starting from h0 = 0. Further-
more, as mentioned earlier, we will set J = 1. Therefore, the dynamic critical point
for our considerations will be hdc = 1

2
.

Before proceeding to the results of our work, two discussions are necessary. The
system we consider has two characteristics that require attention. The first arises
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from the impossibility of treating the system in the thermodynamic limit both ex-
perimentally and computationally. The second is associated with the calculation of
the entropy production bound, which will use the framework presented in subsec-
tion 6.1.2, where the bound is expressed in terms of mixed states. Therefore, it is
necessary to discuss the validity of identifying DQPTs both for finite systems and
for systems represented by mixed states.

5.2.2 DQPT in finite-size systems

DQPT is defined for systems in the thermodynamic limit, as we saw in section
2.3. However, several works [7, 8, 27, 29] have shown that it is possible to iden-
tify DQPT signatures with high precision even in systems with a small number of
components.

In systems that exhibit spontaneousZ2 symmetry breaking and ground state de-
generacy, such as Ising chain models [8, 27], XXZ [29], and LMG, the characteristics
of DQPT can be observed even for relatively small N .

The degeneracy of the ground state is essential in this scenario because, in
phases with broken symmetry, the rate function λ(t) can be expressed in terms
of contributions from different symmetry sectors, λη(t), which represent the prob-
ability of return to each of the degenerate ground states.

The total return probability to the ground state manifold, in such cases, can be
written as [29]:

P (t) =
∑
η

Pη(t), (5.14)

where Pη(t) = |⟨η|ψ0(t)⟩|2 represents the probability that the system returns to one
of the ground states |η⟩, and the sum runs through all system degeneracies.

For large systems N ≫ 1, each of these probabilities follows a large deviation
behavior.

Pη(t) = e−Nλη(t). (5.15)

As time t evolves, a transition occurs between regimes in which different Pη(t)

are more probable, meaning that over time, one of the ground states ceases to be
the most probable and another of the system’s degenerate ground states takes over.

In terms of the rate function, where the highest probability is associatedwith the
smallest value of λη, this corresponds to one λη dominating the dynamics at a given
moment, and at a critical time, another λη takes over. This happens because the
rate functions λη(t) have different regions of validity as the smallest contributions
to the effective rate function. In the thermodynamic limit (N →∞), this transition
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becomes increasingly abrupt, and the global rate function is defined as [8]:

λ(t) = min
η
λη(t), (5.16)

which implies that only one of the probabilities associated with ground state de-
generacies dominates the system’s behavior, allowing the return probability to be
written as:

P (t) = e−Nλ(t) ≡ Le(t), (5.17)

where Le(t) is the Loschmidt echo, defined in (2.46).
The transition in probability dominance and, consequently, in rate functions oc-

curs at the critical time tc. This switching leads to a discontinuity in λ(t), signalling
a DQPT1. Although this change occurs regardless of N , increasing the size of the
system sharpens the transition, making it closer to a actual discontinuity.

The non-analytic behaviour of λ(t) for finite N was experimentally demon-
strated in [8], with measurements for systems of N = 6, 8 and 10 atoms, and nu-
merically in [29], where rate functions were calculated for systems of N = 16 and
24. In both cases, discontinuities in the effective rate function characterise DQPTs.

Thus, following this approach, we assume that, although the thermodynamic
limit provides a rigorous description of DQPTs, the essential characteristics of these
transitions emerge even in finite systems.

5.2.3 DQPT in mixed systems

In references [31, 85], the behaviour of both the Loschmidt echo and the rate
function was analysed in the context of mixed states. For this analysis, the authors
considered thermal states at finite temperatures and demonstrated that the effects
of DQPT can still be observed in such situations. In other words, it is possible to
identify DQPTs via the non-analyticity of the rate function even in cases where the
system is represented by mixed states.

To perform these analyses, [31, 85] defined a generalised form of the Loschmidt
amplitude, given in terms of a state ρp0:

G = Tr{ρp0Ut}, (5.18)
1This non-analyticity arises similarly to the non-analyticities in Gibbs free energy, presented in

figure 2.5.
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Figure 5.1: Behaviour of the Loschmidt echo for the LMG model under two distinct
quenches: one crossing the dynamical critical point (blue lines) and the other not (red
lines).

where Ut is the unitary evolution operator. The state ρp0 = |w(0)⟩⟨w(0)| represents
the purified density matrix, with

|w(0)⟩ =
∑
i

√
pi |ψs

i (0)⟩ ⊗ |ψa
i ⟩ (5.19)

being the normalised initial state acting in the enlarged Hilbert spaceHp = Hs⊗Ha

(system s and ancilla a).
With these considerations, both works showed that the rate function associated

with the generalised Loschmidt amplitude can exhibit non-analyticities even for
thermal states at finite temperatures. This indicates that DQPTs can be identified in
systems described by mixed states while maintaining the usual interpretation based
on discontinuities or singularities in the rate function.

5.2.4 Rate function and Loschmidt echo

Here, we analyse the dynamical transition in terms of the Loschmidt echo, de-
fined in section 2.3. To compute Le(t) and λ(t) at each time instant, we start from
the ground state of the Hamiltonian model LMG (5.11) with h0 = 0, J = 1, and
γ = 0.

We numerically compute the evolutions |ψ(t)⟩ ≡ eiHt |ψ0⟩, governed by the
post-quench Hamiltonian H . Thus, we obtain the Loschmidt echo, given by (2.46),
shown in Fig. 5.1, and the rate function, given by (2.52), shown in Fig. 5.2, for the
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Figure 5.2: Behavior of the rate function for the LMG model under two distinct
quenches: one crossing the dynamical critical point (blue lines) and the other not (red
lines).

interval t ∈ [0, 30] and for two different quench values h = 0.2 and 0.8. In both
cases, we adopt j = 300.

It is clear that for a quench from h0 = 0 to h < hdc – Fig. 5.2 (blue line) – the
rate function exhibits a smooth behaviour, with no non-analytic points. This regime
is associated with the symmetry-broken phase of the model, in which longitudinal
magnetization remains nonzero, and ground state degeneracy is preserved.

On the other hand, when the quench is performed from h0 = 0 to h > hdc , the
rate function exhibits non-analytic points at specific time instants – figure 5.2 (red
line). These non-analyticities are associated with the points where the Loschmidt
echo vanishes, indicating that the system’s state at that moment has zero probability
of returning to the ground state, characterising the transition to the phase where the
Z2 symmetry is dynamically restored. Thus, the presence of these non-analyticities
provides clear evidence of the occurrence of DQPT in this model.

5.3 DPT-I in the LMG Model

The other way of characterising DQPT, as discussed in Chapter 2, often referred
to as DPT-I, relies on the long-time behaviour of a parameter of dynamical order. In
summary, the dynamical order parameter takes nonzero values in the dynamically
ordered phase, where the Z2 symmetry is broken, and vanishes in the disordered
phase, where the symmetry is restored.
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In this section, we revisit this characterisation in the context of the LMGmodel.
For our analysis, we set J = 1, h0 = 0, and consider different values of the trans-
verse field after the challenge h and the size of the system j. The anisotropy param-
eter is fixed again at γ = 0.

5.3.1 Time evolution of the dynamical order parameter

Given the chosen parameters, the dynamical order parameter of our model (see
Eq. 5.11) is magnetisation along the z-axis. We therefore begin by analysing the
time evolution of ⟨Jz⟩(t) for different quenches, with fixed j = 300.

The expectation value of Jz is calculated with respect to the time-evolved state
|ψ(t)⟩ = e−iHt |ψ0⟩, whereH is the post-quenchHamiltonian and |ψ0⟩ is the ground
state of the initial Hamiltonian. We choose as the initial state the fully polarised
state along the positive z-axis, which is one of the two degenerate ground states
of H0. In the collective spin framework, this corresponds to a single global spin
pointing in the z-direction, whose dynamics can be represented as the trajectory of
a spin on the Bloch sphere [27].

Figure 5.3: Time evolution of the magnetization ⟨Jz⟩(t) for the LMG model with j =
300 under four quenches: h = 0.2 (red line), h = 0.4 (pink line), h = 0.6 (light-blue
line) and h = 0.8 (blue line).

In Fig. 5.3, we show the time evolution of magnetisation in the LMG model for
four different quenches: two noncritical, h = 0.2 and h = 0.4, and two critical,
h = 0.6 and h = 0.8. A clear qualitative difference can be observed between the
two regimes.

For the noncritical quenches, ⟨Jz⟩(t) oscillates around a nonzero value (around
300 in our case), indicating the stabilization of the magnetization along the initial
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direction. These oscillations can be viewed as the precession of the collective spin
around its initial orientation on the Bloch sphere, which does not characterise a
phase transition, since the system remains in the phase with Z2 symmetry-broken.

On the other hand, for critical quenches, the magnetization oscillates around
zero, indicating that the system evolves to a state without a preferential spin direc-
tion. On the Bloch sphere, this can be viewed as a trajectory spreading over both
hemispheres, exploring different magnetization values and stabilising around zero.
In this regime, the time-evolved state recovers the symmetryZ2, thus characterising
the restoration of dynamical symmetry and the occurrence of a DQPT.

5.3.2 Finite-size effects

To analyse the effects and behaviour of finite-size in a long-time evolution, we
plot ⟨Jz⟩(t) in the interval t ∈ (0, 100) for quenches in h = 0.2 (Fig. 5.4) and
h = 0.8 (Fig. 5.5), considering three system sizes: j = 50, j = 100 and j = 300.

Figure 5.4: Time evolution of ⟨Jz⟩(t) for different system sizes: j = 50, 100, 300, under
a noncritical quench h = 0.2.
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Figure 5.5: Time evolution of ⟨Jz⟩(t) for different system sizes: j = 50, 100, 300, under
a critical quench h = 0.8.

In both graphs, Figs. 5.4 and 5.5, we observe that the qualitative behaviour pre-
sented in Fig. 5.3 remains, regardless of the size of the system. In addition, the
magnetization exhibits a decay with time, indicating the stabilization of the system
after the post-quench evolution.

For noncritical quenches, the stabilization occurs around a nonzero value that
depends on the system size, while for critical quenches the stabilization occurs
around zero.

5.3.3 Long-time average as dynamical order parameter

To conclude the analysis of the spontaneous magnetisation behaviour in our
model, we present in Fig. 5.6 the long-term average of this quantity for different
values of h. The average was calculated over a long evolution time t = 500.

In Fig. 5.6, the behaviour of the dynamical order parameter ⟨Jz⟩ is clearly dis-
played. For quenches with h < hdc , the order parameter remains finite, indicating
that the evolution preserves the order of the initial state, i.e., the system remains
in a symmetry-broken phase. In contrast, for quenches with h > hdc , the long-term
average tends to zero, in agreement with the results shown in Fig. 5.5.

The disappearance of the magnetization average indicates that the initial order
of the state is lost and that theZ2 symmetry is dynamically restored. This behaviour
characterises the appearance of DPT-I in the LMG model, with the critical quench
point at hdc = 1

2
.
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Figure 5.6: Dynamical order parameter ⟨Jz⟩ as a function of the transverse field h,
for quenches from h0 = 0 and different system sizes. The parameter vanishes at the
critical point, marking the dynamical transition.

These results are not new. Reference [37] analyses the LMG model in this con-
text and obtains results consistent with those presented here. Similarly, Ref. [27]
investigates a spin-chain model with long-range interactions, reporting oscillations
of the magnetization and the corresponding behaviour of the dynamical order pa-
rameter analogous to those obtained in our study.
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Chapter 6

Quantum Dynamical Criticality:
Entropy and Symmetry Effects in
the LMG Model

In this chapter, we present the results obtained and the analyses concerning
the quantities introduced in the previous chapters: entropy production (Chapter 3)
and asymmetry (Chapter 4), for the LMG model under dynamical quantum phase
transitions. These results were published during the PhD in two articles: Speedup
of thermodynamic entropy production via quantum dynamical criticality [38] and
Asymmetry and dynamical criticality [39].

In Part I, we present the results of [38]. In Chapter 3, we obtained the average
entropy production in out-of-equilibrium systems in terms of relative entropies, in
a more general case. In this situation, we see that this relation satisfies the Clausius
inequality ⟨Σ⟩ ≥ 0. However, as an improvement over the Clausius expression,
Eq. (3.119), as well as the expression for the particular case of closed systems (3.127),
incorporates the contribution of the system’s deviation from equilibrium during its
evolution.

Although we already have an expression that takes into account the out-of-
equilibrium evolution, it is expressed in terms of relative entropies between the
density matrices representing the system. However, relative entropy cannot be con-
sidered a metric in the space of these matrices. It is therefore interesting to seek a
formulation in terms of a truly metric quantity. This formulation was developed in
work [18, 19], where the Bures angle between the thermal states of the system is
used as a lower bound for the production of entropies.

In this first part, we examine how this construction was made. We will begin by
introducing the concept of the Bures metric and distances, then we will discuss the
lower bound for entropy production in terms of this quantity, and finally we apply
this bound to the LMG model and present the results obtained in our calculations.
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In Part II of this chapter, we present the results of [39]. We investigate DQPT
from the perspective of symmetry, focussing on how the symmetry properties of
the quantum state evolve under nonequilibrium dynamics. The analysis is based on
the asymmetry framework introduced in Chapter 4, which provides quantitative
tools to characterise the symmetry-related features of quantum states.

Since DQPTs in the LMG model are associated with the dynamical restoration
of parity, this part is devoted to exploring how such symmetry-related phenom-
ena manifest themselves within an asymmetry-based description. In this context,
we analyse the behaviour of the asymmetry measure, defined by Eq. (4.41), under
sudden quenches and examine their relation to dynamical criticality.

This approach allows us to establish a complementary viewpoint to the thermo-
dynamic analysis presented in Part I, providing further insight into the interplay
between dynamical criticality and symmetry in the LMG model.
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Part I: Entropy Production

6.1 Entropyproduction and thermodynamic distances

In the context of classical thermodynamics, a geometric bound for entropy pro-
duction was derived based on a Riemannian metric in the space of statistical distri-
butions. This bound establishes that the mean entropy production is, at minimum,
proportional to the square of the thermodynamic length ℓ between the initial and
final states [19]:

⟨Σ⟩ ≳ ℓ2 (6.1)

The thermodynamic length ℓ can be understood as a measure of the number
of distinguishable states between two probability distributions. This quantity is
equivalent to the Wootters statistical distance between two state vectors in Hilbert
space, as defined in [16]:

ℓ(pa, pb) = arccos

(∫
dx
√
pa(x)pb(x)

)
(6.2)

Eq (6.2) can be interpreted as a measure of the angle between the probability
distributions pa and pb in the phase space of states [18].

With the aim of generalising the above result to the case of mixed quantum
states, a first lower bound for entropy production in out-of-equilibrium quantum
systems was proposed in [18], and this relation was later refined in [19]. These
approaches introduce the Bures angle L as a fundamental metric to characterise the
deviation from equilibrium in the quantum context.

6.1.1 Bures distance, angle, and metric

The Bures metric is a natural extension of the notion of distance in the space of
normalised density matrices. As a Riemannian metric, it allows for the definition of
geodesic distances between these matrices within this space, providing a geometric
description of the distinction between different mixed states.

We will briefly discuss how these quantities are defined. For more details on the
Bures metric and the distances introduced in this subsection, we refer the reader
to [17].
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Bures Distance and Bures Angle

Given a density matrix ρ1 acting on a Hilbert space H1, it is always possible
to associate it with a pure state acting on a larger Hilbert space H12. This proce-
dure is known as state purification and is of great importance for understanding the
geometric distances between density operators.

Formally, we can describe purification as follows:
Given ρ1 acting on H1, there exists a pure state ρ12 acting on H12 ≡ H1 ⊗H2,

such that its partial trace recovers the original state: ρ1 = Tr2 ρ12.
This procedure allows rewriting any density matrix as an operator of the form:

ρ = AA†, (6.3)

where A is an operator that belongs to the Hilbert-Schmidt space HS and acts on
the Hilbert spaceH.

The set of operators A ∈ HS that project onto the same operator ρ ∈ M1,
which constitutes a fiber. In other words, a fibre represents the set of all possible
purifications of a mixed state ρ in HS . The set of all fibres associated with density
matrices defines a fiber bundle structure2.

Purification therefore provides a geometric interpretation for the set of density
matrices, establishing a direct relationship between the operators A ∈ HS and the
mixed states in the subspace of normalised density matricesM. Thus, the spaceHS
can be viewed as a principal manifold, whereM acts as the base of the associated
fibre bundle.

The fibre bundle definition allows us to write distances in this space. Two quan-
tities can be defined in this geometric structure: the Bures distance and the Bures
angle.

The Bures distance quantifies the separation between two density matrices ρ1
and ρ2. It is defined as the shortest geodesic length in the space of normalised den-
sity matricesM, i.e. the shortest distance within the Riemannian structure induced
by the Bures metric. This distance is obtained by considering the smallest sepa-
ration between all possible purifications of ρ1 and ρ2, which means between the
elements of their respective fibres in the purification fibre bundle [17].

It can be expressed as:

D2
B(ρ1, ρ2) = Trρ1 + Trρ2 − 2

√
F(ρ1, ρ2), (6.4)

1M is the subspace ofHS containing the positive-definite and normalised density matrices ρ.
2Here, we consider operators A with kerA = 0, a necessary condition for the different fibres of

the bundle to be isomorphic and thus form a fibre bundle [17].
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However, the Bures angle, which is also a measure of separation between two
density matrices, instead of measuring lengths, quantifies the geometric angle be-
tween their respective purifications in the Hilbert-Schmidt space. It is defined as:

L(ρ1, ρ2) = arccos
√
F(ρ1, ρ2). (6.5)

Thus, the Bures angle L can be interpreted as the geodesic angle connecting
the fibres corresponding to the density matrices in the purification fibre bundle.
Characterises how density matrices differ in terms of their representation in the
space of purifications, being a natural generalisation of the concept of angle between
states for the case of mixed states [17].

Note that both are defined in terms of the Uhlmann fidelity F(ρ1, ρ2), given
by [86]:

F(ρ1, ρ2) =
(
Tr
√√

ρ1ρ2
√
ρ1

)2

, (6.6)

which is a measure of similarity between two density matrices. Fidelity is symmet-
ric, non-negative and unitary invariant, equal to 0 for completely orthogonal states,
and 1 for ρ1 = ρ2 [87]. It can be interpreted as the maximum overlap between the
purifications of ρ1 and ρ2, considering all possible choices of the auxiliary space in
the purification. This result is a direct consequence of Uhlmann’s theorem [86].

Additionally, fidelity reduces to the projection of one state onto the other in the
case of pure density matrices, ρ1 = |ψ1⟩⟨ψ1| and ρ2 = |ψ2⟩⟨ψ2|:

F(ρ1, ρ2) =

(
Tr

√√
|ψ1⟩⟨ψ1| |ψ2⟩⟨ψ2|

√
|ψ1⟩⟨ψ1|

)2

,

=
(
Tr
√
|ψ1⟩⟨ψ1| |ψ2⟩⟨ψ2| |ψ1⟩⟨ψ1|

)2
,

= (Tr(|⟨ψ1|ψ2⟩| |ψ1⟩⟨ψ1|))2 ,

= |⟨ψ1|ψ2⟩|2. (6.7)

In this case, the Bures angle reduces to L(ρ1, ρ2) = arccos ⟨ψ1|ψ2⟩, which is known
as the Fubini-Study distance, and quantifies the geometric angle between two pure
states, |ψ1⟩ and |ψ2⟩, in the Hilbert spaceH [17].

Bures Metric

Both methods of quantifying distances in the purification spaceHS are consid-
ered Riemannian distances, given that they derive from a more fundamental metric
in the space of normalised density matricesM, which is Riemannian [17]. The
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Bures metric emerges from the construction of the fibre bundle associated with pu-
rifications as a measure of the infinitesimal distance between two density operators
in the spaceM.

For conciseness, wewill describe how this quantity is obtained. Formore details,
see Chapter 9 of reference [17].

Consider a tangent vector dA in the purification fibre bundle3. This vector, when
projected onto the spaceM, corresponds to a tangent vector dρ. The Bures metric
is obtained by minimising the Hilbert-Schmidt norm4 of the operator dA:

d2B(ρ+ dρ, ρ) = minTr
(
dA dA†). (6.8)

The minimisation in (6.8) is performed to find the smallest possible variation
dA ∈ HS that results in dρ ∈M. The condition for dA to be an orthogonal vector
of the fibre is: dA = GA, with G being a Hermitian matrix [17].

Here, a brief comment is warranted. Taking into account the variation dA =

X + AU , where X is the component tangent to the fibre and AU is the parallel
component (resulting from a linear transformation of A: AU ) to the fibre, we can
impose that dA has no vertical component by setting ⟨dA,AU⟩ = 0. This leads
to ⟨dA,AU⟩ = 1

2

[
Tr
(
dA†AU

)
+ Tr

(
(AU)†dA

)]
= 0. This constraint results in

dA†A = A†dA, which is only satisfied when dA = GA, with G being a Hermitian
matrix [17].

Since ρ = AA†, we can write:

dρ = d(AA†) = dA A† + AdA†,

= GAA† + AA†G,

= Gρ+ ρG. (6.9)

The operator G is uniquely determined due to the positivity of ρ [17]5.
Rewriting (6.8) using dA = GA, we obtain:

d2B(ρ+ dρ, ρ) = Tr
(
GAA†G

)
,

= Tr(GρG),

=
1

2
Tr(Gdρ). (6.10)

3Displacements along the fibre are not considered as they do not cause variations in the projected
state inM.

4The Hilbert-Schmidt norm is defined as: |O|2 = Tr
(
OO†) [17]

5The positivity of ρ implies that Eq. (6.9) can be uniquely solved forG, since we are dealing with
a system of linear equations over a space of positive operators [17].
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In obtaining (6.10), the minimisation was omitted since the operator G is uniquely
determined, making the minimisation operation unnecessary. Additionally, in the
final equality, we used Tr(Gdρ) = Tr(GGρ) + Tr(ρGG) = 2Tr(GρG).

Thus, we have obtained the Bures metric, which defines the metric in the space
of normalised density matricesM, providing a quantification of the infinitesimal
distance between density operators. It arises from the geometric structure of the
purification space and serves as a foundation for defining the Bures distances and
angles previously discussed.

6.1.2 Entropy production bound and Bures Angle

In Section 3.3.7, we derived an exact expression for the average entropy produc-
tion in an open system that evolves arbitrarily far from equilibrium, driven by an
external parameter. Eq. (3.119) provides this quantification for the general scenario,
where a system starts from an arbitrary state, ρi, evolves out of equilibrium, and
reaches ρf . This allows entropy production to be determined in terms of three con-
tributions: two associated with the “distances” between the initial and final states
and their corresponding equilibrium states with the reservoir, and a third term due
to the nonequilibrium dynamics to which the system was subjected.

By restricting the system to be closed and initially in thermal equilibrium with
the reservoir, ρi = ρth0 , we obtain Eq. (3.127). In this case, only the final state and its
equivalent thermal state contribute to entropy production. The resulting equation
is as follows:

⟨Σ⟩ = S(ρτ ∥ ρthτ ) ≥ 0. (6.11)

Note that this equation expresses the entropy production in terms of relative
entropy. Although relative entropy can be interpreted as a measure of distinction
between states, it cannot be considered a strict metric, as it is neither symmetric
nor satisfies the triangle inequality [19].

To establish a relationship between entropy production and a measure of geo-
metric distance, it was proposed to rewrite Eq. (6.11) as an inequality in terms of
the Bures angle, thus generalising the known result for classical entropy production
in terms of Wootters distance. In two studies [18, 19], a lower bound for entropy
production in terms of this quantity was proposed. The next section presents the
bound developed in these works.

Considering a unitarily invariant norm D(ρ1, ρ2), we can write a lower bound
for relative entropy [88]:

S(ρ1 ∥ ρ2) ≥ s

(
D(ρ1, ρ2)

D⊥

)
(6.12)
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where D⊥ is a scaling factor, given by the maximum possible value for D(ρ1, ρ2),
ensuring that the argument of s remains within the interval [0, 1].

Taking into account the Bures angle (6.5) and the fact that the Bures metric is
unitarily invariant, we can rewrite (6.12) as:

S(ρ1 ∥ ρ2) ≥ s

(
2

π
L(ρ1, ρ2)

)
(6.13)

since the maximum possible value for the Bures angle, reached when ρ1 ⊥ ρ2, is
D⊥ = π

2
[19].

The function s(x), for 0 ≤ x < 1, is obtained by minimising the relative en-
tropy6 [88]:

s(x) = min
x≤r<1

S((r − x, 1− r + x) ∥ (r, 1− r)),

s(x) = min
x≤r<1

[
(r − x) ln r − x

r
+ (1− r + x) ln

1− r + x

1− r

]
. (6.14)

Expanding s(x) around x = 0, we obtain:

s(x) = 2x2 +
4

9
x4 +

32

135
x6 +O(x8), (6.15)

For small values of x, the first term of (6.15) provides a good approximation,
carrying an error that is negligible compared to the exact value obtained using (6.14).
Thus, the first term can be considered a lower bound for (6.14). However, for larger
values of x, additional terms in the expansion are necessary, and for x close to 1,
the function approaches its upper bound, given by − ln(1− x). When x = 1, the
function s(x) diverges to infinity [88]. We can then write:

2x2 ≤ s(x) < − ln(1− x). (6.16)

A graphical representation of the exact function and its lower and upper bounds
is shown in Fig. 6.1.

Thus, considering the average entropy production written in the form (3.103),
we can express it in terms of the Bures angle through a lower bound:

⟨Σ⟩ ≥ s

(
2

π
L(ρτ , ρthτ )

)
≥ 8

π2
L2(ρτ , ρ

th
τ ) (6.17)

This relation was obtained by Sebastian Deffner and Eric Lutz in two studies. In
the first, Ref. [18], the authors presented the lower bound 8

π2L2(ρτ , ρ
th
τ ) for entropy

6The relative entropy between two distributions is given by: S(p ∥ q) =
∑

i pi ln
pi

qi
.
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Figure 6.1: The red solid line shows the exact function s(x), while the black dashed
and blue dashed-dotted lines show the upper and lower bounds on s(x), respectively.
The variables on the axes are dimensionless.

production in a closed system subjected to an arbitrarily far-from-equilibrium evo-
lution, which is associated with the first term of expansion (6.15). Shortly after-
ward, they refined the result, presenting the first inequality of Eq. (6.17) [19]. This
provided a more precise lower bound for the average entropy production, valid
over the entire range of the function argument, which corresponds to the interval
0 ≤ L(ρτ , ρthτ ) < π

2
.

The more general bound is particularly useful for our work, as we will deal
with a system that is undergoing a DQPT, traversing a critical regime. Under this
condition, the function argument reaches the upper limit of s

(
2
π
L
)
, with L → π

2
,

making it impractical to use only the first term of the expansion (6.15).
The results presented here provide a way to quantify the irreversibility of a

process the system undergoes in terms of a purely geometric measure between the
system’s final states, given the conditions discussed in Section 3.3.8. Wewill use this
result as a tool to quantify the average entropy production LMG model, subjected
to a DQPT.

6.2 Entropy production in LMG model

We will calculate the lower bound of the average entropy production in the
system using Eq. (3.127),in terms of the Bures angle, as derived in section 6.1.2.
Since this relation is based on the Bures angle between the system’s evolved state
and the final thermal state, with evolution governed by a post-quench Hamiltonian,
analysing the behaviour of the Bures angle for quenches that do or do not cross the
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dynamical critical point may provide some insight into the behaviour of this lower
bound. Let us proceed with this analysis.

Bures Angle

To compute the Bures angle, we consider that the system is initially in thermal
equilibrium with the reservoir, i.e. the initial state of the system is:

ρ0 =
e−βH0

Z0

, (6.18)

where Z0 = Tr(e−βH0) is the partition function.
Thus, the evolved state at each time instant is given by ρt = Uρth0 U

†, with
U = e−iHt. Additionally, the thermal state at time t is given by ρtht = e−βH

Zt
. For

calculations, we consider β = 1.
The evolution of the Bures angle over time for two different quenches is pre-

sented in Fig. 6.2. We observe that the behaviour of the Bures angle qualitatively
resembles the behaviour exhibited by the Loschmidt echo (Fig. 5.1). The distinction
between behaviours in different dynamical phases of the model is clear. Note that
there is a decrease in the amplitude of the oscillation in both cases; however, in the
restored symmetry phase, for h > hdc , the decay occurs more rapidly compared to
the decay in the broken symmetry phase.

From a state distance perspective, the more rapid attenuation indicates that ρt
moves away more quickly from the corresponding thermal state when a DQPT oc-
curs. This behaviour suggests a significant role for dynamical criticality in the evo-
lution of the system. We will further explore this in the context of entropy produc-
tion.

The same calculation was performed to analyse the effects of increasing temper-
ature β−1 on the Bures angle dynamics. In Fig. 6.3, we present the behaviour of the
Bures angle for three different values of the inverse temperature: β = 1, β = 0.1,
and β = 0.01.

We observe that increasing temperature (decreasing β) leads to stabilisation of
the Bures angle. This indicates that thermal fluctuations begin to dominate the
dynamics, suppressing the quantum contributions associated with dynamical criti-
cality in the model. Thus, analysis at low temperatures becomes essential to capture
the purely quantum effects of the dynamical transition. Therefore, for the calcula-
tion of the lower bound of entropy production, we adopt β = 1.
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Figure 6.2: The graph shows the dynamics of the Bures angle for two distinct quenches,
h = 0.2 and 0.8, for j = 300.

Entropy production ⟨Σ⟩

Based on the results presented in the previous section, we can now compute the
lower bound for the entropy production in the system, given by Eq. (3.127). The
validity conditions for our calculation are:

(i) Approximately low temperature.

(ii) Initial state in thermal equilibrium with the reservoir ρ0 = ρth0 .

(iii) Closed system.

Condition (i) ensures that the effects associated with criticality, as shown in the
results, are of purely quantum origin, as discussed in section 6.2. Conditions (ii)
and (iii) were adopted in deriving Eq. (3.127).

Using the same considerations applied in the computation of the Bures angle,
we calculate the lower bound of the average entropy production, given by (6.17),
with the function s( 2

π
L) defined by the expression (6.14). The dynamical behaviour

of s( 2
π
L) is presented in Fig. 6.4.

Once again, the difference in behaviour in the dynamical evolution of the lower
bound becomes evident. This quantity tends to stabilize more quickly for evolutions
governed by post-quench Hamiltonians with values of h > hdc . In other words,
when the system undergoes a DQPT, the lower bound of entropy production stabi-
lizes more rapidly, in contrast to the behaviour of this quantity for cases where the
system does not exhibit a DQPT.
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Figure 6.3: The top panel shows the effect of temperature when the quench does not
cross the critical point (h = 0.2), while the bottom panel shows the same behavior
when crossing the critical point (h = 0.8). In both plots, we consider j = 300.

The behaviour of s( 2
π
L) suggests that the system reaches equilibrium more

quickly when the quench crosses the critical point of the model. It is worth em-
phasising here that the entire development carried out is independent of the char-
acteristics of the model since the derivation of the lower bound is formulated in
terms of the Bures angle. The relationship with DQPT is established through the
behaviour of this quantity under a critical or non-critical quench.

It is also possible to analyse the result in terms of the distance between states
from the perspective of entropy production. The initially higher entropy produc-
tion, combined with the faster attenuation of s( 2

π
L) in the case of a DQPT, indicates
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Figure 6.4: Lower bound on the entropy production. The blue line shows the case
h = 0.8 (crossing the critical point), while the red line represents the case h = 0.2 (not
crossing the critical point). We considered j = 300 and β = 1.

that the system moves away from equilibrium more rapidly when subjected to crit-
icality. In terms of distance, we can say that ρt moves further away from the corre-
sponding thermal state more quickly when a DQPT occurs. This behaviour directly
reflects a higher rate of entropy production compared to non-critical evolution.

Time Average Entropy Production ⟨Σ⟩

Finally, we investigate the production of entropy based on time to analyse the
behaviour of the production of entropy in terms of the quench parameter h. The
time average is given by:

⟨Σ⟩ = lim
T→∞

1

T

∫ T

0

dt⟨Σ⟩. (6.19)

In figure 6.5, we present ⟨Σ⟩ as a function of the quench parameter h. Here, we
vary the system size, adopting j = 100, 200 and 500.

It is evident that the production of time-averaged entropy exhibits a clear dis-
tinction in behaviour when the quench parameter crosses the critical value, repre-
sented by the dashed vertical line in Fig. 6.5. There is a stabilization of this quantity
for quench values h > hdc , indicating an acceleration in entropy production in such
situations, with entropy reaching a constant average value more quickly, as also
shown in Fig. 6.4.

Furthermore, it is clear that ⟨Σ⟩ as a function of h can be used as an indicator
of the occurrence of DQPT. In addition to displaying different behaviours for each
dynamical phase, it exhibits a peak around the system’s critical point, a behaviour
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Figure 6.5: The plot illustrates the h-dependent behaviour of the time-averaged en-
tropy production for three spin chain sizes: j = 100 (blue dashed-dotted line), j = 200
(red dashed line), and j = 500 (black solid line). We considered T = 103 to perform
the calculation of the time average presented in the graph.

that becomes even more pronounced as the system size increases, suggesting that
in the thermodynamic limit, the transition becomes more well-defined.

We emphasise once again that the entire construction presented, from the defi-
nitions of the Loschmidt echo and Bures angle to the derivation of entropy produc-
tion and its lower bounds in terms of geometric quantities, was carried out indepen-
dently of the model. Therefore, our results are not specific to the adopted model, but
are valid for any system that exhibits similar dynamical behaviour, given that the
origin of the behavioural differences in the calculated quantities lies in the criticality
observed in the Loschmidt echo and the rate function.

In this first part, we show that DQPT in the LMG model can be identified from
the perspective of irreversibility. By analysing entropy production and its geomet-
ric lower bounds, we demonstrated that the emergence of dynamical criticality is
accompanied by an accelerated departure from equilibrium and by a rapid stabiliza-
tion of quantities associated with irreversible dynamics. Within this framework, the
DQPTmanifests itself as a qualitative change in the dynamical regime of the system,
reflecting a reorganisation of evolution in the space of quantum states.

In the second part of this chapter, we turn to a complementary viewpoint and
analyse the same dynamical phenomenon from the perspective of symmetry. The
focus is placed on how the symmetry properties of the quantum state evolve under
critical dynamics. This change of perspective provides a different geometric view
of DQPT, based on the symmetry properties of the evolving quantum state.
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Part II: Asymmetry Measure

As discussed in Chapter 5, the dynamical restoration of the symmetry of
Z2 parity constitutes a central hallmark of DQPTs in the LMG model. Motivated by
this, the question arises as to how this symmetry restoration can be captured within
a quantitative framework based on asymmetry. However, the asymmetry measure
employed in this work, FL(ρ) (see Section 4.3), is defined with respect to generators
of continuous symmetry groups, namely Lie groups, and is not directly applicable
to discrete symmetries such as Z2.

For the model adopted in our work, presented in Chapter 5, the parity symmetry
is associated with the operator Jx, as discussed in Section 4.1.3. Therefore, to over-
come the limitation related to the definition of FL(ρ), we exploit the fact that the
parity operation can be interpreted as a discrete rotation by an angle π around the
x axis, corresponding to a finite element of the rotation subgroup U(1) ⊂ SU(2)

generated by Jx.
This motivates our choice of the collective spin operators Jx, Jy, and Jz , which

generate the rotation group SU(2), as symmetry generators. By analysing the
asymmetry associated with rotations around these three Cartesian axes, we are
able to analyse how the dynamical restoration of parity manifests itself within a
framework based on continuous generators, while simultaneously comparing its
behaviour with that of other rotational directions that are not directly related to the
underlying symmetry Z2.

6.3 Behavior of Asymmetry Measures FL(ρ)

6.3.1 Time evolution of asymmetry measure

Our investigation is focused on the dynamical behaviour of the asymmetry mea-
sure of the system and on the possibility of identifying a clear signature of a dy-
namical quantum phase transition through this quantity. With this goal in mind,
we begin our analysis by considering the asymmetry measure FL(ρ), defined in
Eq. (4.41):

FL(ρ) = ∥[ρ, L]∥1. (6.20)

The dynamical evolution analysed here takes place after a sudden quench in the
transverse field h, in the same spirit as in Part I of this chapter, and may correspond
to a critical or noncritical quench in the LMG model.

We begin by considering quenches from h0 = 0 to two values of the transverse
field: h = 0.2, which does not cross the dynamical critical point, and h = 0.8, which
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does cross it. Moreover, unlike the results presented in Part I, where a single value
of the anisotropy parameter was considered, here we initially analyse two different
anisotropy values, γ = 0.2 (strongly anisotropic) and γ = 0.8 (nearly isotropic),
to investigate the influence of this parameter on the dynamical behaviour of the
system. Throughout this analysis, we set J = 1 and work in the fully symmetric
subspace with fixed j = 100.

The dynamics of FL(ρ) for L = Jx, Jy, and Jz are shown in Fig. 6.6. As a
first feature, we can clearly observe that, for critical quenches (blue dotted lines),
regardless of the anisotropy parameter or the generator L, the oscillatory dynam-
ics of FL(ρ) tends to be damped more rapidly, leading to an earlier approach to a
plateau-like regime. This indicates that the critical nature of the quench acceler-
ates the stabilization of the model’s dynamics. However, for noncritical quenches
(red solid lines), the oscillations persist longer times, and the growth of asymmetry
is slower. In this case, one may interpret that the dynamics remains closer to the
initial symmetry structure of the state.

We can interpret this behaviour as a first indication that the asymmetry mono-
tone provides relevant information about the critical behaviour of the model. Nev-
ertheless, it is worth examining in more detail the specific features displayed in the
plots shown in Fig. 6.6.

For L = Jy (Figs. 6.6 (b) and (e)) and L = Jz (Figs. 6.6 (c) and (f)), the qualitative
behaviour is very similar. In both and for both γ = 0.2 and γ = 0.8, the critical
quench (blue dotted lines) produces a rapid initial increase of FL(ρ) followed by
a stabilisation at long times. This behaviour parallels the pattern observed for the
entropy production bound (Fig. 6.4) in the same model: dynamical criticality ini-
tially accelerates the dynamical response, while subsequently driving the quantity
toward rapid saturation.

In the context of asymmetries, the rapid increase indicates that the post-quench
dynamics quickly generates coherence across different eigenspaces of Jy or Jz ,
thereby increasing the degree of asymmetry of the state in these bases, whereas
the subsequent stabilization suggests that the generation of additional asymmetry
becomes progressively less effective after the transient regime.

The generator L = Jx (Figs. 6.6 (a) and (d)) is particularly relevant for our anal-
ysis for two reasons. First, the Hamiltonian (5.11) contains the linear term −hJx,
which directly links the transverse field to this generator. Second, and more im-
portantly, the parity symmetry, whose unitary operator is given by Eq. (4.23), is
expressed in terms of Jx, thus directly associating this generator with the symme-
try that is dynamically restored in the model at the occurrence of a DQPT.

Interestingly, a distinct behaviour emerges for L = Jx compared to the other
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 6.6: Time evolution of the asymmetry measure FL(ρ), for the generators L =
Jx, Jy , and Jz . The first, second, and third rows correspond to the generators Jx, Jy ,
and Jz , respectively. Results are shown for two values of the anisotropy parameter:
γ = 0.2 (left column) and γ = 0.8 (right column). In each panel, two quench protocols
are considered: a noncritical quench to h = 0.2 < hdc (red solid line) and a critical
quench to h = 0.8 > hdc (blue dashed line).
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generators considered. Two aspects should be highlighted. First, the dependence
on the anisotropy parameter becomes more pronounced: while for γ = 0.2 the
behaviour under a critical quench closely resembles that observed for Jy and Jz ,
for γ = 0.8 the critical quench leads to lower asymmetry values when compared
to the noncritical quench. Second, independently of the value of γ, the quantitative
separation between the two quench protocols is less pronounced for Jx than for the
other generators.

This is consistent with the fact that, as γ → 1 (isotropic limit), the model ap-
proaches a regime in which the Hamiltonian becomes closer to a Jx-symmetric
structure. Thus, increasing the weight of the term Jx, via h, does not necessarily en-
hance coherence in the eigenbasis Jx. In this near-isotropic regime, the post-quench
evolution tends to preserve the symmetry sector associated with Jx more efficiently,
limiting the generation of Jx-asymmetry even when the quench is critical.

Therefore, from Fig. 6.6, we can conclude that FL(ρ) is sensitive to whether the
quench crosses the dynamical critical region, showing a systematic tendency to-
ward faster damping and earlier stabilization in the critical case. In addition, the re-
sponse depends on the choice of generator: while Jy and Jz display a more uniform
enhancement of asymmetry under critical quenches, the Jx case reveals a stronger
interplay with anisotropy and with the symmetry structure associated with parity.

The temporal behaviour ofFL(ρ) therefore provides interesting insights into the
relationship between asymmetry and the model parameters, indicating that both h
and γ play an important role in characterising the behaviour of this quantity. Based
on this and on the fact that the asymmetry monotone exhibits a strongly oscillatory
behaviour, we now turn our attention to the long-term average of FL(ρ), which will
be presented in the following section.

6.3.2 Time-Averaged Asymmetry and Critical Regions

The time evolution of the asymmetry measures discussed in the previous sec-
tions is characterised by strong oscillations, which are typical of unitary dynamics
following a sudden quench. In order to extract more information about the long-
time behaviour of the system and its relation to dynamical criticality, in the same
spirit adopted for the lower bound of entropy production in Part I, we now consider
time-averaged quantities. In this section, we analyse the time-averaged asymmetry
measure

FL(ρ) =
1

T

∫ T

0

dt FL(ρ), (6.21)

investigate how it behaves as a function of the quench strength h and the anisotropy
parameter γ.
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(a) (b)

(c)

Figure 6.7: Time-averaged asymmetry measure FL(ρ) as a function of the transverse
field h for the three generators (a) L = Jx, (b) L = Jy , and (c) L = Jz . Results are
shown for two values of the anisotropy parameter: γ = 0.2 (blue dotted lines) and γ =
0.8 (red solid lines). The abrupt changes in the behaviour ofFL(ρ) signal the dynamical
critical region of the model, whose location shifts with increasing anisotropy.

Time-averaged of asymmetry measure for fixed anisotropy

We begin by considering the results for the two values of γ discussed in the
previous section, γ = 0.2 and γ = 0.8. In Fig. 6.7, we present the behaviour of
FL(ρ) as a function of the transverse field h for the generators of the SU(2) group.

We first emphasise that, independent of the choice of L, FL(ρ) exhibits a clear
change in behaviour as the transverse field h increases. This change takes place
within a well-defined region of h and manifests itself as an abrupt growth of FL(ρ),
followed by a saturation or a reduction at larger values of h, depending on the
generator considered. From this behaviour, we can infer that the time-averaged
asymmetry is able to capture relevant information about the dynamical reorgani-
sation of the system as a function of the quench strength. In addition, γ induces
a clear shift in the location of this change in behaviour, reinforcing the idea that
anisotropy directly influences the dynamical properties of the model and the occur-
rence of DQPTs. Beyond this global behaviour, it is instructive to analyse the results
shown in Fig. 6.7 separately for each generator.

Starting with the case L = Jz , Fig. 6.7 (c), we observe that FJz(ρ) remains small
for weak quenches, independent of the value of the anisotropy parameter γ. In
this regime, the system dynamics remains close to the initial structure of the state,
and the coherence between different eigenstates of Jz increases only very weakly.
However, as h increases, a pronounced growth of the time-averaged asymmetry
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occurs, indicating that the dynamics begins to explore more extensively the state
space associated with different values ofmz .

This increase occurs around h ≈ 0.5 for γ = 0.2 (blue dotted line) and h ≈ 0.4

for γ = 0.8 (red solid line). After this initial growth, the curve tends to stabilize,
suggesting that the state reaches a regime in which the asymmetry structure with
respect to Jz is essentially established and the subsequent evolution does not signifi-
cantly modify this content. This behaviour is consistent with the interpretation that
critical dynamics promotes a rapid spreading of the state in Hilbert space, followed
by a stabilization associated with the post-critical regime.

Another interesting aspect of the result for L = Jz is that, up to a horizontal
shift, the curves corresponding to the two values of the anisotropy parameter ex-
hibit very similar numerical values. This feature is observed exclusively for this
generator.

Taking into account L = Jy, Fig. 6.7 (b), we observe a behaviour similar to that
found in the previous case. The time-averaged asymmetry exhibits a pronounced
growth within a well-defined region of the transverse field h, coinciding with the
region identified for Jz . For γ = 0.2 (blue dotted line), FJy(ρ) increases rapidly
as the system approaches the critical region and tends to stabilize for h ≳ 0.5.
In contrast, for γ = 0.8 (red solid line), the quantity reaches a maximum around
h ≈ 0.4 and shows a slight decay as h increases further. This decay suggests a
gradual reduction of the relevant coherence in the basis Jy in the nearly isotropic
regime, as the dynamics becomes increasingly dominated by the transverse-field
term.

Finally, FJx(ρ), shown in Fig. 6.7 (a), exhibits distinct features and therefore de-
serves a separate analysis. Unlike the previous cases, the smallest values of the
asymmetry averaged over time occur for γ = 0.8, that is, when the system ap-
proaches the isotropic limit. This difference can be understood from the structure
of the model Hamiltonian, which explicitly contains the linear term−hJx. As γ in-
creases, the Hamiltonian becomes closer to a form that is symmetric with respect to
Jx, so that increasing the transverse field effectively reduces the asymmetry along
this direction, leading to the decay observed in the figure.

Despite these quantitative differences, the position of the inflexion point of
FJx(ρ) occurs around the same critical region identified for the other generators.
This indicates that, although the asymmetry associated with Jx does not provide
the most pronounced signal in terms of magnitude, it still responds sensitively to
the change in the dynamical regime associated with the DQPT.

In general, the results presented in Fig. 6.7 show that the time-averaged asym-
metry clearly captures the presence of a region in which the characteristics of the
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system undergo qualitative changes, its location depends on the anisotropy parame-
ter γ. The displacement of this region as γ increased leads us to infer that anisotropy
plays an active role in determining the dynamical critical point of themodel. In view
of this, we next analyze the same quantity over the interval γ ∈ (0, 1), which spans
the regime from the maximally anisotropic model (γ = 0) to the isotropic limit
(γ = 1).

Time-averaged of asymmetry measure in the (h, γ) Plane

The Fig. 6.8 shows the time-averaged asymmetry FL(ρ) as a function of the
transverse field h and the anisotropy parameter γ, both varied within the inter-
val (0, 1), for the three generators L = Jx (Fig. 6.8 (a)), Jy (Fig. 6.8 (b)), and Jz
(Fig. 6.8 (c)). This plot allows us to visualise how the asymmetry responds to si-
multaneous variations of the quench strength and of the intrinsic anisotropy of the
model.

As a key characteristic, shared by all generators, is the presence of a well-defined
region in the (h, γ) plane where FL(ρ) undergoes a pronounced change in be-
haviour. This region forms a line separating regimes of low- and high time-averaged
asymmetry in cases (b) and (c), while giving rise to a pronounced peak in the ob-
served quantity in case (a). In addition, we observe a clear shift in the values of h at
which these behaviours occur as γ is varied. This shift confirms that the location of
the dynamical critical region is not fixed but is controlled by the anisotropy param-
eter. Moreover, as γ → 1, this line gradually weakens and eventually disappears,
consistently with the absence of DQPTs in the isotropic limit.

Once again, the behaviours for L = Jy and L = Jz are very similar. The corre-
sponding surfaces display features consistent with those discussed in the previous
section, with a clear increase of FL(ρ) along a well-defined line in the (h, γ) plane.
Once the critical region is crossed, the asymmetry remains finite over a broad range
of parameters, indicating that the post-quench dynamics promotes a persistent re-
distribution of coherence among different eigenstates of these operators.

Again, as in the previous section, Fig. 6.8 (a) shows that the behaviour associated
with L = Jx is qualitatively different from that observed for the other generators.
Although a well-defined critical region is still present, the surface of FJx(ρ) is char-
acterised by a pronounced peak followed by a reduction, rather than by amonotonic
increase. This behaviour is associated with the special role played by Jx in the LMG
model, since this operator is directly involved both in the transverse-field term of
the Hamiltonian and in the definition of the Z2 parity symmetry.

In this way, the results shown in Fig. 6.8 confirm that the time-averaged asym-
metry provides a description of how both the anisotropy parameter and the quench
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(a) (b)

(c)

Figure 6.8: Time-averaged asymmetry measure FL(ρ) in the (h, γ) plane for the three
generators of the SU(2) group: (a) L = Jx, (b) L = Jy , and (c) L = Jz . The
surfaces reveal well-defined regions where FL(ρ) undergoes abrupt changes, signaling
the occurrence of dynamical quantum phase transitions.

strength affect the dynamical behaviour of the model. In particular, the distinct be-
haviour observed for L = Jx already indicates that the dynamical critical region is
accompanied by qualitative changes in the way the system redistributes coherence
among states related by the Z2 parity symmetry in the Jx eigenbasis.

We note that, at the dynamical critical point, the post-quench dynamics under-
goes a qualitative reorganisation, which is reflected in how coherence is dynami-
cally generated and redistributed. Critical quenches improve the generation of co-
herence between differentmx eigenspaces, leading to an increased spreading of the
state in the Jx eigenbasis when compared to noncritical dynamics. This increased
coherence production naturally explains the pronounced peak observed in FJx(ρ).
For higher values of the transverse field, the−hJx term increasingly dominates the
dynamics, progressively suppressing the generation of additional coherence in this
basis and leading to the observed reduction of FJx(ρ).

At the same time, these results raise a central question: to what extent can the
features identified by FL(ρ) be directly associated with the appearance of a DQPT?
In other words, can we claim that the asymmetry monotone acts as a marker of
dynamical phase transitions in the LMG model, in the same sense as established
indicators of dynamical criticality? To address this point, in the next section we di-
rectly compare the asymmetry results with two independent diagnostics of DQPTs:
the time-averaged entropy production and the dynamical order parameter.
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(b)(a)

Figure 6.9: Time-averaged entropy production ⟨Σ⟩ in the LMG model for j = 100.
Panel (a) shows ⟨Σ⟩ as a function of the transverse field h for two representative values
of the anisotropy parameter: γ = 0.2 (blue dotted line) and γ = 0.8 (red solid line).
Panel (b) displays the same quantity in the (h, γ) plane, with both parameters varied
within the interval (0, 1).

6.4 Connecting Asymmetry with DQPT

In Part I and in Ref. [38], we show that the time-averaged entropy production
⟨Σ⟩ exhibits a pronounced peak at the dynamical critical point of the LMG model.
We associated this peak directly with the occurrence of a DQPT, characterising the
emergence of dynamical criticality through a quantity linked to irreversibility.

Motivated by the results obtained for FL(ρ), presented in Figs. 6.7 and 6.8, we
now compute the lower bound on the entropy production, following the same pro-
cedure adopted in Part I, for the same parameter values used in the analysis of the
asymmetry measure.

In Fig. 6.9 we present the results for the time-averaged entropy production ⟨Σ⟩,
computed for j = 100. In Fig. 6.9 (a), we consider two values of the anisotropy
parameter, γ = 0.2 (blue dotted line) and γ = 0.8 (red solid line), in direct anal-
ogy with the analysis performed in the first part of Section 6.3.2. Figure 6.9 (b), in
turn, shows the behaviour of the same quantity when the anisotropy parameter is
continuously varied within the interval γ ∈ (0, 1).

Interestingly, the characteristic features highlighted in the discussion of the re-
sults shown in Fig. 6.7 also appear in the behaviour of the time-averaged entropy
production ⟨Σ⟩. As can be seen in Fig. 6.9 (a), a change in the anisotropy parameter
leads to a clear shift in the position of the peak of ⟨Σ⟩, which closely mirrors the
shift observed in the points where the behaviour of the functions FL(ρ) changes,
for all generators L considered in the previous section.

Similarly, when we consider the full range of values of the anisotropy param-
eter, the behaviour of entropy production shown in Fig. 6.9 (b) exhibits a strong
resemblance to that obtained for FL(ρ) under the same conditions, as displayed in
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Figure 6.10: Dynamic order parameter ⟨Jz⟩ in terms of quench parameter h and
anisotropy parameter γ. We use the same range that in Figs. 6.8 and 6.9: γ ∈ (0, 1)
and h ∈ (0, 1) and fixed j = 100.

Fig. 6.8. This similarity is particularly evident for the case L = Jx, which presents
a pronounced peak in the same parameter region where the lower bound of the
entropy production also attains its maximum.

To complement our analysis, we present the dynamical order parameter of the
model, which is defined in terms of the collective magnetization along the z direc-
tion, ⟨Jz⟩, and is computed for the same set of parameters used in the results of
this section. As shown in Fig. 6.10, a clear dynamical transition line emerges in the
(h, γ) plane, along which the order parameter rapidly decays to zero. In particular,
this line coincides with regions where significant changes occur in the behaviour of
both time-averaged entropy production ⟨Σ⟩ and time-averaged asymmetry FL(ρ),
confirming the direct connection between these behaviours and the occurrence of
a DQPT.

It is worth highlighting the close correspondence between the behaviour of the
dynamical order parameter and that of FJz(ρ), which indicates that the asymmetry
along the z direction is particularly sensitive to the redistribution of populations
that governs the decay of the order parameter, and therefore acts as a highly effec-
tive marker of the DQPT.

In contrast, the asymmetry associated with Jx plays a conceptually distinct role.
Although it does not produce the largest numerical signal, its behaviour is directly
connected to the dynamical restoration of theZ2 parity symmetry that characterises
the DQPT in the LMG model.

Across the dynamical critical point, the system transitions from a regime in
which the dynamics remains confined to a symmetry-broken region of phase space
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to one in which the evolution dynamically explores parity-related configurations in
a balanced way. This does not imply that the instantaneous quantum state becomes
parity symmetric; rather parity is restored at the level of long-time, time-averaged
quantities.

As a consequence, the dynamical critical region is accompanied by a pronounced
improvement in coherence between differentmx eigenspaces, leading to a maximal
spread of the state in the Jx eigenbasis. This mechanism provides a natural expla-
nation for the sharp peak observed in FJx(ρ), which occurs in the same parameter
region where the dynamical order parameter vanishes and where the entropy pro-
duction is maximised.

For higher values of the transverse field, the−hJx term increasingly dominates
the dynamics, progressively reducing the generation of additional coherence in the
Jx basis and leading to the subsequent reduction of FJx(ρ). In this sense, the be-
haviour of FJx(ρ) identifies a critical dynamical regime and can be associated with
the dynamical restoration of parity and with qualitative changes in the coherence
properties of the system.

Therefore, the results presented here allow us to state that asymmetry mea-
sures provide reliable indicators of DQPTs in the LMG model, exhibiting distinct
behaviours across different dynamical phases. In particular, the asymmetry asso-
ciated with the operator Jx displays especially interesting features due to its close
similarity to an established indicator of criticality, the production of entropy on
time average, and its direct connection to the symmetry that is dynamically restored
when a DQPT occurs in the LMG model.
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Conclusion

In this work, we investigate how dynamical criticality manifests itself in the
LMG model through two independent physical quantities: entropy production and
the asymmetry of the quantum state. These quantities provide distinct perspec-
tives on nonequilibrium behaviour. While entropy production is associated with the
degree of irreversibility of the dynamical process, asymmetry allows one to char-
acterise how the symmetry properties of the system evolve and are dynamically
restored throughout the temporal evolution. The central objective was to evaluate
the ability of these quantities to identify and characterise the occurrence of DQPTs
in the model.

We began in Chapter 2 by introducing phase transitions, starting from clas-
sical transitions, moving through quantum phase transitions, and finally arriving
at DQPTs. The fundamental concept of non-analyticity in thermodynamic func-
tions, which characterises classical phase transitions, finds a direct analogue in the
Loschmidt echo and in the associated rate function throughout the temporal evolu-
tion of the system. In the same spirit, we also introduced a dynamical order param-
eter, establishing a parallel with the Landau order parameter used in classical phase
transitions. Within this framework, the DQPT phenomenon was defined, with dy-
namical criticality characterised both by the appearance of critical times at which
the rate function becomes non-analytic and by the vanishing of the dynamical order
parameter.

Chapter 3 was dedicated to developing the concept of entropy production. We
highlighted its role as an indicator of irreversibility in out-of-equilibrium thermo-
dynamic processes. We began with a review of the entropy concept in both the
classical formulation and quantum information theory. Then, we addressed how
entropy production can be extended to irreversible processes in quantum regimes,
even when the system is strongly coupled to finite reservoirs or simply evolves uni-
tarily, as in the case of a closed system.

Subsequently, in Chapter 4, the focus shifted to asymmetry as a tool to charac-
terise symmetry properties in quantum states. The fundamental concepts of group
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theory and symmetry transformations were introduced, providing the basis for the
definition and interpretation of asymmetry in quantum systems. At the end of the
chapter, the asymmetry monotone adopted in this work was defined and discussed,
which is then employed in the analysis of the results presented in the following
chapters.

In Chapter 5, we devoted ourselves to presenting the LMG model. We empha-
sise its symmetry properties and the occurrence of dynamical quantum phase tran-
sitions in this model. The characterisation of the DQPTwas presented both through
the non-analyticities of the rate function, associated with the zeros of the Loschmidt
echo, and through the behaviour of the dynamical order parameter, which vanishes
for evolutions resulting from critical quenches.

Finally, the numerical results are presented in Chapter 6, which is divided into
two parts encompassing the results of two works published during the development
of this thesis [38, 39].

In Part I, we analyse the role of dynamical criticality in the behaviour of entropy
production. We observed that, when crossing the dynamical critical point, there is
a significant acceleration in the entropy production rate, indicating that the system
departs from its thermal reference state more rapidly. This behaviour highlights the
direct connection between DQPTs and the irreversibility of the dynamical process.

Moreover, we showed that this effect is independent of specific details of the
model. Even for finite systems, the presence of non-analyticities in the rate func-
tion, and thus of dynamical phase transitions, is sufficient to distinguish different
dynamical regimes through entropy production. We also investigated the role of
temperature and verified that, in high-temperature regimes, the effects associated
with criticality are progressively suppressed, making the identification of DQPTs
increasingly difficult.

The relation between entropy production and the Bures angle, which intro-
duces a geometric character into the analysis, allowed us to quantify the “distance”
between the evolved state and the thermal state associated with the post-quench
Hamiltonian. In this context, quenches that cross the dynamical critical point lead
to a more pronounced growth of the lower bound of the average entropy produc-
tion, reflecting a faster departure in the space of states. These results establish en-
tropy production as a clear indicator of the occurrence of DQPTs associated with
the dynamical reorganisation of the system and the increase of irreversibility in the
process.

Part II is devoted to the characterisation of the evolution of asymmetry in the
system during the post-quench dynamics. The fact that the LMG model displays
a dynamical restoration of the discrete Z2 symmetry when subjected to critical
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quenches motivated the investigation of how the asymmetry of the quantum state
behaves along the temporal evolution and how this quantity responds to the ap-
pearance of a DQPT.

The first results obtained, concerning the asymmetry monotone based on the ℓ1
norm, FL(ρ), indicated that the behaviour of this quantity is directly influenced by
the regime in which the dynamics takes place, that is, whether the quench crosses
the critical region of themodel or not. Clear distinctions were observed between the
dynamics of the asymmetry monotone for evolutions associated with critical and
noncritical quenches, independently of the choice of the symmetry generator con-
sidered. These initial results highlighted the sensitivity of asymmetry to dynamical
criticality and motivated a more refined analysis of this quantity.

Analysis of the time average of FL(ρ) confirmed this sensitivity and also re-
vealed a direct relation between the position of the dynamical critical point and the
degree of anisotropy of the model. From the results, one observes a well-defined
change in the behaviour of the time-averaged asymmetry around the critical value
of the transverse magnetic field, again for all generators analysed. In addition, vari-
ations in the anisotropy parameter were shown to be responsible for shifts in the
critical point hdc , indicating that anisotropy plays an important role in determining
the critical region of the model.

The central result here consists of the analysis of the monotone time-averaged
asymmetry in the (h, γ) plane, considering the interval (0, 1) for both the transverse
field and the anisotropy parameter. In this representation, a critical line dependent
on γ clearly emerges, separating dynamically distinct regions. This result allows
us to conclude that the asymmetry measure is indeed sensitive to the occurrence
of DQPTs in the LMG model and that anisotropy directly influences the position of
the dynamical critical point.

In order to reinforce this interpretation, we analysed, under the same conditions,
both the time average of the lower bound of entropy production and the dynam-
ical order parameter of the model. Both quantities are recognised as independent
diagnostics of DQPTs and exhibit critical regions that coincide with those identi-
fied through the asymmetry measures, including the shift of the critical point as a
function of anisotropy. This agreement ensures that asymmetry measures can be
regarded consistent and reliable markers of DQPTs in the model under study.

Due to its relationship with symmetry Z2, the analysis of the asymmetry associ-
ated with the generator Jx becomes particularly relevant. Unlike the other genera-
tors considered, Jx plays a special role in the LMG model, since it is directly related
both to the transverse-field term of the Hamiltonian and to the definition of the Z2

parity symmetry, which is dynamically restored during the occurrence of a DQPT.
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As a consequence, the asymmetry with respect to Jx exhibits a qualitatively
distinct behaviour, directly reflecting the structural changes associated with the
restoration of symmetry. Although FJx(ρ) does not directly quantify parity, its evo-
lution is sensitive to dynamical reorganisation that occurs at the critical dynamical
point.

In particular, when the system undergoes a DQPT, the long-time dynamics al-
lows for a more balanced exploration of configurations related to the parity trans-
formation, which is accompanied by a transient enhancement of coherence between
different mx eigenspaces. This mechanism provides a natural explanation for the
pronounced peak observed in the asymmetry on time average FJx(ρ), whose be-
haviour closely resembles that found for the production of entropy.

In this sense, the asymmetry associated with Jx captures qualitative changes
in the dynamical regime of the system that are consistently associated with the
dynamical restoration of the symmetry Z2.

In summary, we conclude that the two independent quantities adopted to anal-
yse DQPTs in the LMGmodel, the lower bound of entropy production and the asym-
metry measure, despite probing different physical aspects, are both effective indica-
tors of dynamical criticality. They consistently display different behaviours across
different dynamical phases of the model. Moreover, the anisotropy parameter plays
a fundamental role in determining the value of the critical quench.

As a perspective for future work, it would be particularly interesting to ex-
tend this analysis to alternative asymmetry measures, especially those based on
information-theoretic quantities such as Holevo-type measures, which have been
connected to thermodynamic entropy [89]. Such extensions could further deepen
the connection between symmetry, information, and thermodynamics in nonequi-
librium quantum systems, and potentially reveal new universal aspects of dynami-
cal quantum phase transitions.
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